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Abstract. Buying display ad impressions via real-time auctions comes with significant
allocation and price uncertainties. We design and analyze a contract that mitigates this
uncertainty risk by providing guaranteed allocation and prices while maintaining the effi-
ciency of buying in an auction. We study how risk aversion affects the desire for guaran-
tees and how to price a guaranteed allocation. We propose to augment the traditional
auction with a programmatic purchase option (which we call a Market-Maker contract) that
removes allocation and price uncertainties. Instead of participating in the auction, adver-
tisers can secure impressions in advance at a fixed premium price offered by the Market-
Maker. It is then the responsibility of the Market-Maker to procure these impressions by
bidding in the auction. We model buyers as risk-averse agents and analyze the equilibrium
outcome when buyers face two purchase options (auction and Market-Maker contract).
We derive analytical expressions for the Market-Maker price that reveal insightful relation-
ships with uncertainties in the auction price and buyers’ risk levels. We also show the exis-
tence of a Market-Maker price that simultaneously improves the seller’s revenue and the
sum of buyers’ utilities. As a building block to our analysis, we establish the truthfulness of
the multiunit auction when buyers have nonquasilinear utilities because of risk aversion.
Recently, the Google’s Display & Video 360 platform started offering a product akin to
Market-Maker called “Guaranteed Packages,”which was inspired by this paper.
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1. Introduction
We propose and study an advance selling contract for
internet advertising.When sellers (publishers of internet
content who sell advertising space) offer this contract,
we show that it leads to a win-win outcome so that both
sellers and buyers (advertisers who purchase the right
to display their ad) are better off. Traditionally, display
advertising space has been sold in twomain ways. First,
one way is through reservation contracts sold in advance,
where an advertiser enters into an agreement with a
publisher by paying a fixed price for its ads to be shown
to a specified volume of users who are visiting the pub-
lisher’s website, often satisfying certain additional crite-
ria. For example, Nike may pay $50,000 to have its ads
shown to 5 million espn.com users who are based in the
United States and frequently visit the basketball section
of the website. Reservation contracts have guaranteed
spend from the advertiser and a guaranteed number of
impressions (an impression occurs when an ad is shown
to a user). Second, another way is through real-time bid-
ding in programmatic advertising, in which advertisers

and publishers meet through an ad exchange platform
(e.g., Google’s DoubleClick Ad Exchange). When a user
visits the publisher’s website, the exchange requests
real-time bids from advertisers and runs an auction,
awarding the ad slot to the highest bidder. This is usu-
ally a first-price or second-price auction for each impres-
sion, with no guarantee to either the publisher or the
advertisers.

Although reservation contracts solve the problem of
allocation and price uncertainties for advertisers who
are willing to pay a premium, they introduce a problem
of their own: substantial overhead costs and inefficien-
cies associated with striking and managing these con-
tracts both for publishers and for advertisers (see, for
example, Medium 2018). These inefficiencies include
lengthy human negotiations between publishers and
advertisers on price and volume discounts. In addition,
the advertiser needs to manage such processes with all
the publishers and to follow-up with individual pub-
lishers when contracts underdeliver. Similarly, publish-
ers need to manage this process with all the advertisers.
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Thus, scaling this process to a large number of buyers
and sellers is impractical. This motivates the central
question studied in this paper: design and formally
analyze an ad-buying mechanism that provides the
efficiencies of programmatic advertising (real-time
bidding in auctions) as well as the allocation and price
guarantees of reservation contracts—allowing us to
ultimately achieve the best of both worlds.

1.1. Risk Aversion
In this paper, we propose to analyze the benefits of
providing allocation and price guarantees under the
assumption that buyers are risk averse. Indeed, risk
aversion is one of the potential explanations for the
fact that buyers pay significantly higher prices for the
same ad impression purchased via reservation con-
tracts. More specifically, the difference in prices be-
tween auctions and reservation contracts cannot be
explained by higher-“quality” ads being delivered via
reservation contracts (e.g., better ad placements or tar-
geted to users who are more likely to click on the ad).
It turns out that even after controlling for content-level
and ad slot-level features, reservation contract prices
are significantly higher. Besides, via features such as
Header Bidding, almost all ad slots are available in
both reservations and auctions. If anything, auction
buyers have more ability to cherry-pick valuable users
relative to reservation buyers who typically purchase
large volumes of bundled impressions (and hence,
have a limited ability to target specific audiences).
Nevertheless, transaction volumes via these high-
priced reservation contracts form a large fraction of
the overall display ad transactions. Moreover, apart
from internet advertising, risk aversion has been used
to explain the high premiums that exist in the cloud-
computing marketplace, which also supports two pur-
chase mechanisms (guaranteed versus spot market).
As Hoy et al. (2016, p. 74) puts it, “It is easy to imagine
that a company would have a soft budget set aside
for computational costs. They would then spend freely
within the confines of this budget and extend the
budget cautiously when necessary to meet their com-
puting needs. This type of behavior suggests a ten-
dency towards risk aversion on the part of the clients.
As the budget is freely available, clients might prefer
to ‘overspend’ to guarantee the required resources at
the on-demand price.” The same situation prevails in
the display ads market, where several large adver-
tisers operate under a fixed budget for their marketing
campaigns and are willing to pay a premium to avoid
uncertainties in the volume of impressions. Although
it is quite possible that there may be alternative possi-
ble explanations beyond risk aversion for these behav-
iors, in this paper, we assume that the buyers are risk
averse, and we study the benefits of price guarantees
under risk aversion. Our results suggest that it would

be interesting to empirically validate the risk aversion
assumption and also, determine the exact degree of
risk aversion from data.

1.2. Market-Maker: High-Level Description
In this paper, we introduce and study the provision of
a Market-Maker contract as an alternative purchase
option for buyers, beyond the traditional option of
real-time bidding in first-price or second-price auc-
tions. The Market-Maker contract can be seen as either
completely replacing reservation contracts or comple-
menting reservation contracts for advertisers who
want to opt out of the high reservation costs. A
Market-Maker contract quotes a price higher than the
expected auction price (the expectation is over all the
possible sources of uncertainty in the auction). Buyers
can then choose either to pay this higher price or to
take their chance in the auction. Risk-averse buyers
concerned with possibly not receiving impressions at
all or paying an unpredictable high price may thus
prefer to pay a premium over the expected auction
price in exchange of certainty in allocation and price.
A Market-Maker contract guarantees (like reservation
contracts) that buyers will receive the impressions
they paid for.

1.2.1. Novelty. The idea of offering a guaranteed con-
tract in uncertain markets is not novel (see, e.g., Ghosh
et al. 2009, Yang et al. 2010, Sayedi 2018). The Market-
Maker contract studied in this paper differs from a
standard guaranteed reservation contract in two
important ways. The main novelty in a Market-Maker
contract is that the ad exchange becomes the single
point of sales for impressions. This is ensured by
requiring that the entity offering the Market-Maker
contract purchases impressions in the ad exchange by bid-
ding in the auction on behalf of its buyers, even if it has to
pay a higher price than the amount charged to the
buyers. This implies that the overhead of dealing with
numerous publishers and advertisers is eliminated.
Furthermore, because all the impressions are sold via
the exchange, publishers need not to worry about
which impressions to sell in the exchange versus allo-
cate to reservation contracts. Because the capability to
carve out impressions, which a publisher alone can
do, is not necessary anymore when all impressions are
sent to the exchange, any third party can offer a
Market-Maker contract, thereby democratizing the con-
cept of reservation contracts. In fact, Google’s Display &
Video 360 platform started offering a Market-Maker
style product, called “Guaranteed Packages,” inspired
by the ideas underlying this research. The second dif-
ference between a Market-Maker contract and reserva-
tions is that we require that no buyer who can afford
the Market-Maker (and would have preferred to pur-
chase a Market-Maker contract over participating in
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the auction) should go empty handed because impres-
sions were sold out. In today’s market, it is possible
for a publisher to underprice its reservation contracts
and hence, leave several buyers empty handed. We
highlight that this problem cannot be solved by simply
raising the Market-Maker or reservation-contract price
until supply meets demand. Indeed, when buyers face
two purchase options, increasing the price of one
option could result in nontrivial changes in the equili-
brium outcome. Finally, a great advantage of Market-
Maker contracts over reservation contracts is that they
can be offered by a third party, such as a demand-side
platform, whereas reservation contracts can only be
offered by publishers. Thus, one way to interpret a
Market-Maker contract is as an insurance product,
wherein the entity offering the Market-Maker contract
charges a premium to bear the risk.

1.3. Contributions
We next summarize our contributions.

• Equilibrium outcome analysis. We consider a styl-
ized setting where buyers participate in a single-shot
multiunit auction. In other words, we abstract the auc-
tion process (repeated first- or second-price auctions
with budget constraints) into a single-shot multiunit
auction. This simplification is made for tractability pur-
poses, and we discuss some assumptions under which
it is reasonable and also, examine how the results
degrade as we relax the assumption in a natural way.
Moreover, the multiunit auction arises in other settings,
such as spectrum auctions (Milgrom 2004). The intro-
duction of a new alternative for buyers, namely the
Market-Maker contract, alters the market outcome.
What is the equilibrium under these two buying alter-
natives? We study this question for two widely used
risk aversion utility models: the constant absolute risk
aversion (CARA) model and the mean-variance utility
model (precise definitions can be found in Section 3).
Under some mild assumptions, we show that the auc-
tion process admits a similar equilibrium distribution
of clearing prices before introducing the Market-Maker
option. Interestingly, this requires proving that the
multiunit auction is truthful in the presence of risk
aversion, which is an interesting result in itself (see
Theorem 4). Armed with this equivalence, we analyze
the joint equilibrium in the presence of the Market-
Maker contract. In particular, we characterize the range
of feasible Market-Maker prices that enable the seller to
guarantee allocation to all buyers who choose the
Market-Maker contract in equilibrium.1

• Pareto improvement in seller’s revenue and sum of
buyers’ utilities. We analyze the equilibrium outcome and
prove the existence of a Market-Maker price that simulta-
neously improves the seller’s revenue and the sum of
buyers’ utilities. This result holds irrespective of whether

the population is homogeneous or heterogeneous in the
risk aversion level.When the population is heterogeneous,
there exists a range of optimal prices. Under a homogene-
ous population, however, we show that there is a unique
optimal Market-Maker price and derive its analytical
expression for both utility models (CARA and mean-var-
iance). Importantly, the premium charged by the Market-
Maker over the expected auction clearing price admits a
crisp characterization. Specifically, the premium has a
simple, insightful relationship with the inherent auction
uncertainty, hence offering valuable pricing guidance to
theMarket-Maker provider.

• Practical impact. As discussed, Google’s Display &
Video 360 platform started offering a product akin to
Market-Maker called “Guaranteed Packages,” which
was inspired by the research presented in this paper.

1.3.1. Informing the Pricing of Reservation Contracts.
Although our results are for a Market-Maker contract,
they also provide pricing guidance for a publisher who
offers reservation contracts. Specifically, our results on
pricing a Market-Maker contract can be interpreted as
answering the question of how one should price a reser-
vation contract when it coexists with the auction. For
example, the Market-Maker price we derive can act as a
guidance, or as a starting point, in the price negotiation
with advertisers. A Market-Maker contract can inform
the pricing of reservation contracts because for pricing
purposes, it does not matter whether the contract pro-
vider bids in the auction to procure impressions (like in
the Market-Maker) or uses a different mechanism to
carve out impressions for buyers (like in reservation con-
tracts). The only relevant feature is the fact that a contract
(either Market-Maker or reservation) coexists with the
auction. In fact, the main differences between theMarket-
Maker contract and a reservation contract are operational
and in terms of execution. From the perspective of pric-
ing analysis, the same analysis holds for both contracts.

1.3.2. Structure of the Paper. We review the related
literature in Section 2. We discuss in detail our model
and assumptions in Section 3. Section 4 presents a key
step of our analysis: deriving the equilibrium distribu-
tion over clearing prices when there is only a single
purchase option. Our main results on the impact of
offering a Market-Maker contract are reported in Sec-
tions 5 and 6 (for homogeneous and heterogeneous
settings, respectively). In Section 7, we present compu-
tational experiments on commonly used distributions
to illustrate the lifts in the seller’s revenue and in
buyers’ utilities generated by adding a Market-Maker
contract. Finally, our conclusions are reported in Sec-
tion 8. Most proofs of the technical results are rele-
gated to the appendix.
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2. Related Literature
This paper is related to the topic of advance selling
from marketing and operations management, where
the key message is that advance selling helps the seller
increase its profit by offering a discounted price to
buyers who commit to purchase in advance. In con-
trast, we show that when buyers are risk averse,
advance selling with a marked-up price allows for the
increase of both the seller’s revenue and the buyers’
utilities. This paper is also related to various other
research streams as discussed next.

2.1. Marketing
In themarketing community, the topic of advance selling
has received great attention in the last two decades (see,
e.g., Shugan and Xie 2000, 2005). Shugan and Xie (2000)
show that advance selling allows sellers to increase their
profits. More precisely, it is shown that even when
buyers are homogeneous in the advance-period pur-
chase, advance selling can achieve first-degree price dis-
crimination. Subsequently, Shugan and Xie (2005) extend
the treatment to competitive environments and show
that the relative profit advantage from advance selling in
a competitivemarket can be higher as in amonopoly.

2.2. Operations Management
In the operations management community, advance
selling was also extensively studied. Prasad et al.
(2011) consider advance selling in a newsvendor set-
ting and examine the price and inventory decisions to
conclude that advance selling is not always optimal.
Cho and Tang (2013) consider a supply chain setting
with a manufacturer that produces and sells a seasonal
product to a retailer under uncertain supply and
demand. Cachon (2004) studies how inventory risk
allocation impacts supply chain efficiency under advance
purchase discount contracts. Boyacı and Özer (2010)
consider a model that uses advance sales information
to make capacity decisions. The authors derive a
threshold policy to determine when the firm will stop
acquiring advance sales information and show that
advance selling can significantly increase profits. Cal-
dentey and Vulcano (2007) study a similar problem in
the context of an online multiunit auction. In their
model, the seller faces a Poisson arrival stream of con-
sumers who can get the product from the auction or
from a list price channel. Our work differs by explic-
itly modeling the risk aversion of the buyers in the
utility function. In addition, we focus on studying
how to design and set the price of the advance selling
option. Araman and Popescu (2010) study the ad allo-
cation problem in the context of TV broadcasting. The
authors consider the problem of how to allocate lim-
ited advertising space between up-front contracts
(i.e., sales at the start of the season) and the scatter

market (i.e., a spot market that sells ads for the next few
days) under audience or supply uncertainty. Lastly,
Gao et al. (2019) study the competition between two
service providers that differ in their pricing menu. The
first firm offers the same service to all customers at a
fixed price. If customers choose the second firm, their
service is tied to a bid they submit: the higher the bid,
the lower the waiting time. This paper differs from ours
in two fundamental ways. First, the authors use a queu-
ing approach where the price impacts the service
through customer waiting times. Second, the motiva-
tions are quite different as the equilibrium in Gao et al.
(2019) follows from customer heterogeneity, whereas
our results are driven by buyers’ risk aversion.

2.3. Dual-Selling Channels
Iyer et al. (2012) study the coexistence of two buying
options, but the equilibrium in their paper is driven by
information asymmetry as opposed to risk. Several
other papers also study the problem of having dual-
selling channels between reservation contracts and real-
time bidding (i.e., auctions). Athey et al. (2013) and
Sayedi (2018) conclude that both channels will likely
continue to coexist, as advertisers and publishers have
incentives to leverage the specific features of each chan-
nel (e.g., fine-grained targeting, ad customization, and
unbundling the impressions). Another closely related
stream of work is auctions with buy prices (see, e.g.,
Budish and Takeyama 2001, Hidvegi et al. 2006, Kirke-
gaard and Overgaard 2008, Reynolds and Wooders
2009, Shunda 2009), which consider adding a “buy-it-
now” option to the English auction mechanism and
study the revenue impact in the presence of risk-averse
buyers. Although the idea of offering two purchase
options is common, our work differs from this stream
in three important ways. First, we design the optimal
Market-Maker contract as the solution to a constrained
optimization problem, the constraint being on the
Market-Maker price to be such that any buyer who pre-
fers buying a Market-Maker contract is not left empty
handed because of insufficient supply. This constraint
significantly restricts the range of prices one can offer
(whereas the aforementioned stream of work does not
impose such a constraint). Second, we consider two risk
aversion models: CARA and mean-variance utility. To
our knowledge, the latter model, despite being popular
in many applications, has rarely been studied in the
context of auctions. Third, our analysis is not focused
on the seller’s revenue but also, considers the impact on
buyers’ utilities. Specifically, we show that adding a
Market-Maker contract yields a Pareto improvement
for both the seller and the buyers.

2.4. Computer Science and Economics
Yang et al. (2010) study the problem of allocating inven-
tory using a multiobjective optimization formulation
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when display ads can be sold both via guaranteed con-
tracts and real-time auctions. Turner (2012) solves the
ad network’s single-period planning problem that allo-
cates guaranteed impressions as a transportation prob-
lem with a quadratic objective. These two papers do
not investigate the pricing of the contracts but rather,
focus on the complementary inventory allocation
problem. Several papers study display ad allocation
strategies under the presence of both contract-based
advertisers and spot market advertisers. Given that
advertisers can cherry-pick impressions in real-time
bidding, contract-buying advertisers are often left with
lower-value impressions. This adverse selection issue
can yield reduced revenue to contract-buying adver-
tisers. Ghosh et al. (2009) address this issue by propos-
ing bidding strategies where the publisher directly
bids in the auction on behalf of contract-based adver-
tisers while randomly varying the bid to get a repre-
sentative allocation in reservation contracts. This
method allows them to maintain the quality of the
impressions assigned to reservation contracts.

As mentioned, Hoy et al. (2016) independently con-
sidered the problem of guaranteed and spot markets
coexisting in the context of cloud computing. Their
model assumes that the seller is offering both options
and explicitly sets aside inventory for the guaranteed
purchasers. In contrast, our Market-Maker contract
cannot set aside inventory, as it is not necessarily oper-
ated by the seller. Instead, the Market-Maker places its
bids in the auction to purchase inventory for its buyers
and hence, incurs a loss with some probability (although
it earns a positive profit in expectation). Consequently,
for markets running first-price or second-price auctions,
this service can be offered by any third party willing to
accept the arbitrage risk, although it is likely to be the
exchange, passing on a large portion of the profit to pub-
lishers. Wang and Chen (2012), Chen et al. (2014), and
Chen (2016) study the pricing aspect of a programmatic
version of reservation contracts. More precisely, Chen
et al. (2014) and Chen (2016) both discuss dynamic mod-
els for selling guaranteed impressions. In their model,
advertisers arrive sequentially, and the publisher decides
which ones to accept based on a dynamic control policy.
Similar to our paper, advertisers are assumed to be risk
averse, and their utility is modeled using the mean-
variance model. The authors consider the case where all
the unallocated advertisers participate in a single-shot
auction, whereas we provide a formal reduction to that
setting. Moreover, they do not formally characterize the
equilibrium outcome. Finally, their proposed control pol-
icy is dynamic in nature, and the advertisers are allo-
cated on a first come, first served basis. This is different
to the spirit of our proposed solution, where any buyer
who prefers buying a Market-Maker contract is not
left empty handed. Mirrokni and Nazerzadeh (2017)

consider preferred deals and show how to design them
to approximately optimize revenue. A preferred deal
allows a buyer to bid on an inventory before it is exposed
to the general set of buyers in the open auction. A buyer
is required to purchase at least a specific fraction of the
inventory at a prenegotiated price. In the multibuyer
case, a preferred deal contract can also specify priorities
for different buyers and expose inventory in the order of
priority. Their work compares the revenue obtained by a
preferred deal contract relative to extracting the entire
surplus. They show that preferred deals can extract at
least one-third of the surplus and empirically establish
that this fraction can be much higher. The main differen-
ces from our work are that (a) buyers are risk neutral
and that (b) there is no comparison between both pur-
chase options (guaranteed contracts and auction). Bal-
seiro et al. (2011) study the joint optimization problem of
earning short-term revenue from the ad exchange and
delivering high-quality impressions to reservations. The
main differences with our work are that (a) buyers are
risk neutral and that (b) their work does not address the
pricing of reservation contracts. Instead, they study how
to reserve impressions that are sold in the ad exchange
so as to not underdeliver reservation contracts while also
maximizing the ad exchange revenue. Fu et al. (2013)
study prior independent revenue maximization in the
presence of risk-averse buyers and show that a first-price
auction yields a constant factor approximation to reve-
nue when agent valuations are independent and identi-
cally distributed. Revenuemaximization with risk-averse
buyers is an important problem even without having
two purchasing options (see, e.g., Maskin and Riley
1984). Wang and Chen (2012) take the perspective of a
publisher and study numerically the pricing of reservation
contracts when the auction price is modeled as a Brow-
nian motion. Finally, the recent work in Chawla et al.
(2018) characterizes revenue-optimal mechanisms in the
presence of risk-averse buyers using a model based on
prospect theory to capture risk aversion.

3. Model
In this section, we present our model and assump-
tions. We begin here with an informal high-level
description to give the gist of our model. We consider
a two-period model with periods P1 and P2. In P1,
there is a deterministic buying process, and in P2,
there is a randomized buying process (representing
auctions). In P1, buyers make the decision of whether
to buy in P1 with certainty or take a chance in P2. The
auction process in P2 is a single-shot multiunit auction.
This simplifiedmodel can be thought as a reduced form
of the actual market, which is a sequence of repeated
first- or second-price auctions. In Section 4, we discuss
our choice and provide some assumptions under which
this is a reasonable approximation. Furthermore, to
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gain analytical tractability, we impose assumptions on
the model in Section 3.2.

3.1. Notation and Time Line
A seller intends to sell I identical units of a good avail-
able for delivery at a future date, which we refer to as
period P2. There are N buyers (where N can poten-
tially be a random variable) whose values for consum-
ing the good are drawn from a joint distribution F(·),
which is not necessarily independent across bidders.
Buyer i has a demand of ki units of the inventory. In
the current period P1, buyers’ values are drawn from
the joint distribution F(·), and then, the seller offers
two purchase options to every buyer: (a) purchase
each unit at a fixed price pM (referred to as the Market-
Maker contract price) in the current period P1 or (b)
take a chance and participate in an auction process in
the later period P2, where the buyer may or may not
get allocated depending on the overall demand (in this
case, the buyer will pay the realization of the auction
clearing price). In period P1, each buyer has to choose
whether to opt for the Market-Maker contract avail-
able in P1 or wait for the auction in P2. While making
this decision in P1, each buyer knows (i) their own
value per unit of good and (ii) the distribution of vI+1,
which is the (I + 1) th highest value (including the
nonunit demandmultiplicities) with probability distri-
bution function (pdf) g(·) (we assume that this is com-
mon knowledge). The distribution of vI+1 captures the
randomness in buyers’ values as well as the potential
uncertainty in the number of buyers.

3.1.1. Buyer Decision Process. Every buyer decides
between the two purchase options by comparing his or
her utility from each option in equilibrium (the utility
functions are defined formally in Section 3.3). The equi-
librium here refers to the set of buyers who choose each
purchase option and how they bid in the auction such
that all buyers are mutually best responding: that is, no
buyer can benefit from a unilateral deviation. Charac-
terizing the equilibrium and using this characterization
to set theMarket-Maker price in order to optimize reve-
nue and analyze its impact on related objectives, such
aswelfare and efficiency, are the focus of this paper.

3.1.2. Model Is Oblivious to the Auction in P2. We
remark that the two-period model presented is oblivi-
ous to the exact auction process and dynamics in P2.
Although the exact auction in P2 certainly influences
how buyers respond in P1 (and in P2), the description
of the two-period model itself does not depend on the
precise auction process used in P2. Importantly, the
information that buyers know when making decisions
in P1 (namely deciding whether to opt for the Market-
Maker or wait for the auction in P2) is oblivious to the
type of auction run in P2.

3.1.3. Auction Process in P2. The auction process
used in period P2 depends on the application. In inter-
net ads, the auction process consists of a sequence of
second-price auctions or a sequence of first-price auc-
tions, as is common in most ad exchanges. In other
one-off sales settings, such as cloud compute spot mar-
kets, spectrum, or timber auctions, the auction process
in P2 is a single-shot multiunit auction. In this paper,
we assume that the auction process in P2 is a single-
shot multiunit auction, namely an auction selling I
identical units of a good in a single-shot fashion using
the Vickrey–Clarke–Groves (VCG) auction. As dis-
cussed, this is a simplification of the actual ads market,
which is made for tractability purposes. Indeed, this
provides a simpler language and framework and
allows us to draw further insights. We discuss this
topic in more details in Section 4.

3.2. Assumptions and Analysis Road Map
We begin by discussing our assumptions.

Assumption 1 (Identical Units). All the units being sold
are identical.

When focusing on a certain segment of inventory
(e.g., relevant demographics of the target audience
and user interests), we assume that all the units within
that segment are equally valued by a buyer. Indeed,
reservation contracts in practice usually specify a fixed
price for a large volume of impressions for a specified
targeting criteria. Of course, different buyers can have
different values, possibly correlated. In the context of
display advertising, although it is true that advertisers
often create numerous contracts (each focusing on a
different segment and a different piece of inventory),
different contract categories are typically allocated dif-
ferent budgets. Because different campaigns are usu-
ally run by different teams with their own budgets,
they typically each solve their own subproblems, and
thus, there is often no joint risk behavior across all seg-
ments but only segment-specific ones. This motivates
us to focus our analysis on a per-segment basis.

Assumption 2 (Large Market). The market is large
enough so that no single buyer’s demand is large enough
relative to the total inventory value (i.e., kj � I for all j). In
particular, therefore, vI+1 + : : : +vI+kj u kj · vI+1.

When all the demands are single unit (i.e., kj� 1 for
all j), the multiunit auction reduces to the I-highest
bidders each being allocated a good and paying vI+1.
When the kj’s could be larger than one, the multiunit
auction corresponds to the VCG auction where the
allocated buyer-item pairs are still the ones with values
v1, : : : ,vI, and each buyer j pays his or her externality,
namely vI+1 + : : : + vI+kj . Assumption 2 simplifies the
VCG auction’s payment to be approximately kj · vI+1.
Consequently, whether the kj’s are all equal to one (i.e.,
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unit demand), themultiunit auction’s payment is assumed
to be vI+1 per unit. Importantly, this allows us to have
all further discussions on a per-unit basis, even if kj’s
are larger than one. Moreover, this implies that the
VCG payment will be identical to the (I + 1) th price
auction’s payment, namely each buyer i will pay for
every allocated unit the value of the highest-valued
buyer j whose demand is not fully allocated. For this
reason, we will often refer to the single-shot multiunit
auction as the (I+ 1) th price auction.

3.2.1. Analysis Road Map. For a buyer who signs a
Market-Maker contract at price pM, we denote his or
her utility per unit of good by UM(v,pM). Note that
there is no randomness in this option for the buyer,
and hence, there is no expectation over his or her util-
ity. For a buyer who participates in the auction, we
denote the resulting expected utility per unit of good by
UA(v), where the expectation is over the distribution
of auction clearing prices in equilibrium. The question
is what exactly the distribution is over clearing prices
in equilibrium.We answer this question in two steps.

1. We derive the equilibrium distribution over clear-
ing prices when there is only one purchase option,
namely the auction process in P2 (i.e., there is no
Market-Maker purchase option). We refer to this as the
single-period equilibrium or P2 equilibrium. In particular,
we show that the equilibrium distribution over clearing
prices is exactly the distribution of vI+1, namely g(·).

2. We use the derivation from step 1 to derive the
joint equilibrium or the two-period equilibrium when the
two purchase options are offered across two periods
(auction in P2 and Market-Maker in P1). Recall that the
decision of which option to choose is made in P1.

3.3. Risk-Averse Utility Models
To proceed further, we need to specify the expression
for utilities in the presence of risk aversion. After intro-
ducing our risk aversion models and defining utilities,
we return in Section 4 to deriving the clearing price
distribution mentioned in step 1 in Section 3. We
finally complete step 2 in Sections 5 and 6.

We consider two popular utility models to capture
buyers’ risk aversion. Specifically, the utility of a buyer
with value v, per unit of good received, takes one of
the following forms:

UA(v)

�
Ep (v−p)+[ ]−β ·Varp (v−p)+[ ] (Mean-variancemodel),

Ep 1− e−α·(v−p)
+[ ]

(CARAmodel),
⎧⎪⎪⎪⎨⎪⎪⎪⎩

(1)

where α ≥ 0 and β ≥ 0 are the parameters of each
model that capture the buyer’s risk aversion and p is

the auction clearing price. The operators E[·] and
Var[·] refer to the expectation and variance over the
distribution of clearing prices. As mentioned earlier,
we will later derive explicitly this distribution over
clearing prices. The CARA and mean-variance classes
of utility models are commonly used in the literature
and aim to capture buyers’ risk aversion. The mean-
variance utility model is widely used in finance (e.g.,
portfolio optimization) and in marketing applications.
See Levy and Markowitz (1979) and Markowitz (2014)
for more details on the mean-variance model.2 The
CARAmodel is a commonly used risk aversion model
in a large number of applications (see, e.g., Arrow
1971, Pratt 1992, Rabin 2000).

Because there is no uncertainty in allocation or in
price when a buyer opts for the Market-Maker con-
tract, the utility of a buyer with value v facing a
Market-Maker contract with price pM is

UM(v, pM) � (v − pM)+ (Mean-variance model),
1 − e−α·(v−pM)+ (CARA model):

{
(2)

Note that the expression in Equation (2) coincides
with Equation (1) when there is no price uncertainty
(i.e., when the distribution over p is a point mass at
p� pM (in the mean-variance model, the variance term
disappears when there is no uncertainty over p)). For
conciseness, we will drop pM from the argument of
UM when it is clear from the context.

3.4. Efficiency, Welfare, and Revenue
To measure the impact of adding a Market-Maker con-
tract, we consider three metrics: efficiency, welfare,
and revenue (apart from the sum of buyers’ utilities).
The efficiency of an outcome corresponds to the sum of
valuations of the allocated buyers. The welfare is the
sum of utilities of all buyers and the seller’s revenue
(note that under nonquasilinear utility models, effi-
ciency and welfare are different). Finally, the revenue is
defined as the sum of prices paid to the seller.

4. Equilibrium Clearing Prices
In this section, we return to step 1 mentioned in Sec-
tion 3. More specifically, we analyze the equilibrium
outcome in the single-shot multiunit auction (i.e., the
(I+ 1) th unit auction) when there is uncertainty in vI+1
under risk aversion. When buyers are risk neutral or
alternatively, when there is no uncertainty in clearing
prices, it is well known that the (I+ 1) th price auction
is truthful, regardless of what amount of uncertainty
there is about vI+1. What happens in the presence of
risk? Does an equilibrium exist, and if it does, is truth-
ful reporting an equilibrium? Here, a distinction has to
be made between universal truthfulness (UT) and

Cohen et al.: Best of Both Worlds Ad Contracts
Management Science, 2023, vol. 69, no. 7, pp. 4027–4050, © 2022 INFORMS 4033

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

76
.7

0.
52

.6
6]

 o
n 

20
 J

ul
y 

20
23

, a
t 0

4:
12

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



truthfulness in expectation (TIE), which are two well-
studied notions from the literature (Nisan et al. 2007).
An auction is UT if reporting the true values is a domi-
nant strategy for the agents under each possible out-
come (in this case, it corresponds to each possible
value of vI+1). An auction is TIE if reporting the true
values is a dominant strategy in expectation over the
random outcomes of the mechanism. Usually, UT
implies TIE. Indeed, if the utility is maximized under
each outcome, it is also maximized in expectation over
outcomes, and this is the case for the CARA model.
Under the mean-variance model, however, the utility
for a distribution over outcomes is not equal to the
expected utility over individual outcomes (one can see
this from the expression of the mean-variance utility
model in Equation (1)). In other words, the preferences
over random outcomes under the mean-variance
model do not all satisfy the von Neumann and Mor-
genstern (1953) (VNM) utility axioms. Nevertheless, as
already discussed, the mean-variance model is an
important model that is commonly used in the litera-
ture. Several theories exist (e.g., prospect theory) to
describe how VNM axioms are often violated by real-
life decision makers. As a consequence of calculus of
expectations not holding, TIE under the mean-
variance model does not follow from UT. In fact, UT
under the mean-variance model is not meaningful (it
is straightforwardly true because for each individual
outcome (i.e., for each possible value of vI+1), the (I+
1) th-unit auction is truthful—because the mean-
variance utility reduces to the standard quasilinear
utility given that the variance of a single outcome is
zero). On the other hand, proving TIE under the
mean-variance model happens to be quite intricate.
Unlike standard arguments, we do not show that the
utility decreases by misreporting. Instead, we show
that when the utility under true reporting is positive,
then it decreases by misreporting. Additionally, when
the utility under true reporting is nonpositive, then it
remains nonpositive by misreporting.

Theorem 1 (Truthfulness Under Risk Aversion). Under
the CARA and mean-variance utility models, the (I+ 1)th
price auction is both universally truthful and truthful in
expectation. Let Utruth (Ulie) be the utility in the auction
under truthful reporting (misreporting).

1. If Utruth > 0, then Utruth ≥Ulie.
2. If Utruth ≤ 0, then Ulie ≤ 0.

The proof of Theorem 1 can be found in Appendix B.
We highlight the following subtlety. We do not claim
that the utility never increases by misreporting. Instead,
we show that if the true utility is positive, misreporting
never yields a utility higher than the true value. If the
true utility is negative, misreporting could yield a utility
higher than the true value, but it remains negative. An
agent with negative utility simply does not participate

in the auction and earns zero utility instead. A negative
utility means that any amount of uncertainty in the out-
come is enough to cause a net disutility, so that such
agents simply do not participate in the auction. Impor-
tantly, the Market-Maker contract helps such buyers by
offering them a risk-free option, which is worth consid-
ering and hence, helps increase the net buyer participa-
tion. We note that the proof for the CARA model is
straightforward, whereas the proof for the mean-
variance model is more intricate. Under the latter utility
model, we can write the utility earned by a buyer when
reporting her or his true valuation as Utruth � μtruth − β ·
Vartruth and the utility when misreporting as Ulie � μlie−β ·Varlie. Given the structure of the utility, a buyer
could misreport her or his valuation so that μtruth ≥ μlie

but Vartruth ≥ Varlie. In other words, a buyer could pre-
fer a situation with a lower expected surplus but with
less variability. We formally show that this situation
never happens. In particular, a key step of the proof
is to show that the relative change in the variance
part of the utility is always upper bounded by the rel-
ative change in the mean part of the utility. More pre-
cisely, we show that when Vartruth ≥ Varlie, we must
have

Vartruth −Varlie
Vartruth

≤ μtruth −μlie

μtruth

:

The proof leverages this inequality combined with
carefully manipulating the expressions of the utility
under both truthful reporting and misreporting.

Theorem 1 demonstrates the robustness of the multi-
unit auction in the presence of risk aversion under the
utility models we consider. Specifically, we show that it
is never beneficial for risk-averse buyers to report a
value that is different from their true valuation.

4.1. Repeated Auction Process
For internet ads, one would ideally model the auction
process in P2 by using a sequence of first- or second-
price auctions. However, analyzing the equilibrium in
such repeated settings is quite challenging, as dis-
cussed in Section 1.3. This is why we consider a
reduced form of a single-shot multiunit auction in this
paper. This provides a simpler language along with
analytical tractability while still allowing us to draw
interesting insights. Additionally, we show in Appen-
dix A that if P2 consists of a sequence of first- or
second-price auctions under the assumption that
buyers can quickly learn the precise value of vI+1
when they enter the auction process in P2, then there
exists an equilibrium that is the same as when the auc-
tion process is a single-shot multiunit auction. This
assumption on buyer knowledge refinement over time
stems from empirical evidence in major ad exchanges,
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hence supporting the fact that our reduced form in P2
provides a reasonable simplification of the actual ad
market. We further discuss in Appendix F how our
results degrade as we relax the assumption in a natu-
ral manner.

In the next two sections, we study the joint equili-
brium when all the buyers have the same degree of
risk aversion (Section 5) and then, in the presence of
heterogeneous risk aversion levels (Section 6).

5. Homogeneous Risk Aversion
In this section, we consider the setting where all the
buyers exhibit the same degree of risk aversion (i.e.,
the same value of α or β in the CARA and mean-
variance models). Although this may not always be
the case, studying this setting already provides useful
insights, and many of these carry over for heteroge-
neous degrees of risk aversion, which we study in
Section 6.

Our first result in Theorem 2 establishes an impor-
tant property in any equilibrium induced by the coex-
istence of the Market-Maker contract and the auction
mechanism. Specifically, we show that if a buyer with
valuation v opts for the Market-Maker contract in P1,
then all the buyers with valuation above v will also
choose the Market-Maker contract in P1. We then
show in Corollary 1 that for any price pM quoted by
the Market-Maker, there exists a threshold value
v(pM) > pM such that buyers will select the Market-
Maker contract if and only if their valuation exceeds
v(pM).

This result may seem counterintuitive at first. Why
would only high-value agents—who do not seem to
have any allocation uncertainty—select the Market-
Maker contract? For example, buyers with valuation
between pM and v(pM) do not opt for the Market-
Maker contract, despite having a higher allocation
uncertainty than buyers with value above v(pM). To
develop an intuition on this finding, we note that low-
value agents can better tolerate price uncertainty
because when the price is too high, they simply do not
get allocated. Consider, for instance, an auction that
clears at a price of $2 with probability 0.5 and at a price
of $0 with probability 0.5. In this case, a (risk-neutral)
buyer with a valuation of $1 prefers participating in
the auction because it gives an expected utility of $0.5
rather than buying a Market-Maker contract in P1 for
$1, which gives an expected utility of $0. On the other
hand, a (risk-neutral) buyer with a valuation of $3 is
indifferent between the Market-Maker contract and
the auction. Our results formalize the intuition that
buyers with lower valuations are less likely to pay a
premium for a Market-Maker contract in the presence
of risk aversion. Importantly, this result holds for both

the CARA and the mean-variance models, highlight-
ing its robustness.

Theorem 2 (Market-Maker Equilibrium Monotonicity).Under
both the CARA and mean-variance models in any two-period
equilibrium induced by a Market-Maker price pM, if there
exists a value ṽ such that buyers with valuation ṽ purchase
the Market-Maker contract in P1 (rather than waiting to
participate in the auction in P2), all buyers with valuations
v ≥ ṽ will also purchase the Market-Maker contract in P1.

The equilibrium notion in Theorem 2 is the traditional
Nash equilibrium. The proof of Theorem 2 can be found
in Appendix C. The next corollary immediately follows.

Corollary 1. Under both the CARA and mean-variance
models in any two-period equilibrium induced by a Market-
Maker price pM, there exists a threshold v(pM) > pM such
that all buyers with valuations v ≥ v(pM) prefer to select
the Market-Maker contract in P1, whereas all other buyers
strictly prefer participating in the auction in P2.

Note that v(pM) > pM is implied by the fact that a
buyer with valuation v�pM earns zero utility from
choosing the Market Maker contract in P1 and would
thus prefer to take a chance in the auction in P2. Figure
1 illustrates this equilibrium behavior.

Remark 1. The properties derived in Theorem 2 and
Corollary 1 hold only when a two-period equilibrium
exists for the Market-Maker price pM under considera-
tion. Whether an equilibrium exists or not is not
addressed here and will be investigated in Proposition
1. In particular, it is possible that for some Market-
Maker prices, more than I buyers would select the
Market-Maker contract. In this case, the Market-
Maker would default, so that such Market-Maker
prices will not induce a two-period equilibrium. In
Theorem 2 and Corollary 1, our focus was on identify-
ing structural properties of an equilibrium when it
exists for a given Market-Maker price pM. This is why
for any Market-Maker price pM, the utility of selecting
the Market-Maker option was assumed to be (v− pM)+
(given by Equation (2)) without worrying about the
feasibility of the Market-Maker truly delivering the
goods (i.e., we did not worry about the fact that
the Market-Maker would default if more than I buyers
choose it; regardless of the number of buyers that opt
for the Market-Maker, we assume that it can deliver a
utility of (v− pM)+ in Theorem 2 and Corollary 1).

Figure 1. Equilibrium Behavior When Both the Market-
Maker Contract and the Auction Are Offered
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Following Remark 1, the natural question is whether a
two-period equilibrium exists. We next show that among
all possible Market-Maker prices, the ones above a certain
minimum price p∗M (defined formally here) indeed result
in equilibria; in particular, they satisfy the constraint that
no more than I buyers select the Maker-Maker.

Proposition 1 (Market-Maker Price Characterization). Let
pmax be the highest auction clearing price (in the support of
the distribution of clearing prices) in a single-period (P2)
equilibrium where there is no Market-Maker contract. Let
p∗M be the Market-Maker price such that v(p∗M) � pmax (see
Corollary 1). Then, we have the following.

1. A Market-Maker price will result in an equilibrium
where at most, I buyers opt for the Market-Maker contract
only if it is at least p∗M.

2. A Market-Maker price will result in at least one buyer
opting for the Market-Maker contract only if it is at most
p∗M.
Moreover, a closed-form expression for p∗M is given by

p∗M �
μA + β · σ2A (Mean-variance model),

1
α
· log (Ep[eα·p]) (CARA model):

⎧⎪⎪⎨⎪⎪⎩ (3)

Here, μA and σA are the mean and standard deviation of the
auction clearing price, respectively, in the single-period
(P2) equilibrium, where the Market-Maker contract is not
offered. Likewise, the expectation Ep in the CARA model is
over the distribution of auction clearing prices in the
single-period equilibrium, where the Market-Maker con-
tract is not offered.

The proof of Proposition 1 can be found in Appen-
dix D. The first part of the proposition filters out,
among the possible Market-Maker prices, the ones
that violate the constraint ensuring that no more than I
buyers opt for the Market-Maker. This is done by
imposing a lower bound p∗M on the Market-Maker
price. The second part of the proposition shows that,
surprisingly, any Market-Market price strictly higher
than p∗M will result in an equilibrium where no buyer
selects the Market-Maker contract. This, in turn,
implies that there is a unique equilibrium where at
least one buyer selects for theMarket-Maker contract.

Furthermore, we derive a closed-form expression for
the unique Market-Maker price. This expression sheds
light on the markup over the expected auction clearing
price μA that buyers need to pay to eliminate their allo-
cation and price uncertainties. In the mean-variance
model, this markup has a crisp relationship with the
inherent auction uncertainty by being proportional to
the variance of the auction clearing price (it is exactly β
times the variance σ2A). In the CARA model, although
the relationship to μA is not easy to carve out, one can
see that the price markup is nonnegative (i.e., p∗M ≥ μA,
where μA � Ep[p]) because of the concavity of the log (·)
function. In addition, for both models, the value of p∗M is

naturally capped at pmax as v(p∗M) � pmax. A direct conse-
quence of the proof of Proposition 1 is the following
characterization of buyers’ equilibrium behavior.

Corollary 2. When offering a Market-Maker contract at
price p∗M, buyers with valuations v < pmax strictly prefer to
participate in the auction in P2, whereas buyers with valua-
tions v ≥ pmax weakly prefer to choose the Market-Maker
contract in P1.

It follows from the proof of Proposition 1 that all the
buyers with valuations v ≥ pmax are indifferent between
the Market-Maker contract and the auction. There are
two options here. One is that we assume that such indif-
ferent buyers opt for the Market-Maker contract, given
its advantages of having a fixed price as opposed to a
variable auction clearing price that could be as high as
pmax. Two is that we assume that buyers are breaking
ties randomly. Our insights still continue to hold. Spe-
cifically, one can show that the allocation remains the
same and that the revenue strictly increases irrespective
of the tiebreaking rule. The only difference would be a
reduction in the revenue increase for the seller in Theo-
rem 3. We are now ready to state the main result of this
section, which shows that adding the Market-Maker
contract is beneficial.

Theorem 3 (Market-Maker Pareto Improvement). When
offering the Market-Maker contract at price p∗M, both the
seller’s revenue and the welfare strictly increase. Moreover,
the efficiency remains optimal, and each buyer’s utility
remains the same.

We note that under homogeneous risk aversion, the
Market-Maker contract does not change the allocation
but just eliminates price uncertainty. One may wonder
if eliminating price uncertainty alone is a good reason
for buyers to pay a premium for Market-Maker. This
is resolved by realizing that most buyers operate
under a fixed budget for their advertising campaign.
Under a fixed budget, any price uncertainty translates
to allocation uncertainty. Indeed, market fluctuations
could raise the price for the desired volume of impres-
sions beyond the budget, thereby leading to an alloca-
tion shortfall. Such buyers are thus often willing to
afford theMarket-Maker premium.

Proof of Theorem 3. We first present the proof for the
revenue. We will assume in the proof that indifferent
buyers opt for the Market-Maker contract, but as dis-
cussed earlier, even with random tiebreaking the
insights continue to hold. Because only the buyers with
valuations v ≥ pmax opt for the Market-Maker contract
in P1, the auction clearing price (in P2) remains the
same as in the situation where no Market-Maker con-
tract was offered (i.e., this is because the highest-valued
ℓ ≤ I buyers select the Market-Maker contract in P1 and
I− ℓ buyers participate in the auction in P2; the auction

Cohen et al.: Best of Both Worlds Ad Contracts
4036 Management Science, 2023, vol. 69, no. 7, pp. 4027–4050, © 2022 INFORMS

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

76
.7

0.
52

.6
6]

 o
n 

20
 J

ul
y 

20
23

, a
t 0

4:
12

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



clearing price is still the (I+ 1) th highest value for all
ℓ ≤ I), and thus, the set of allocated buyers in the pres-
ence of both purchase options remains exactly the same
as when just the auction purchase option was presented.
As a result, the revenue generated by the buyers with
valuations v < pmax (who buy via auction) also remains
the same. However, the expected revenue generated by
the buyers with valuations higher than pmax increases
from μA to p∗M. Because for both utility models, p∗M > μA,
the seller’s expected revenue strictly increases.

We now show the claim for the welfare, namely the
sum of buyers’ and seller’s utilities. Because the auc-
tion clearing price is unaffected, the utility of the auc-
tion buyers remains the same. In addition, the buyers
of the Market-Maker contract are also unaffected as
they are indifferent between the Market-Maker and
auction purchase options. Because the revenue (which
is seller’s utility) strictly increases, so does the welfare.

Finally, the outcome is efficient: that is, the highest-
valued I bidders are allocated. Because the items are still
allocated to the same set of buyers after introducing the
Market-Maker contract and the auction was efficient to
begin with, the optimal efficiency is maintained. w

We end this section by showing that the optimal
Market-Maker price p∗M increases with the risk aver-
sion parameter (α or β) for both utility models and
with the variance of the auction clearing price σ2A for
the mean-variance model.

Proposition 2 (Market-Maker Price as a Function of Risk).
The revenue-optimal Market-Maker price p∗M is an increas-
ing function of the risk aversion parameter (α in the CARA
model and β in the mean-variance model). Further, in the
mean-variance model, p∗M is an increasing function of the
variance of the auction clearing price (σ2A).

The proof of Proposition 2 can be found in Appen-
dix E. This result shows that when buyers are more
risk averse or when the variability in the auction clear-
ing price is higher, a Market-Maker contract can take
advantage of the situation by increasing its premium.

In conclusion, we have shown that adding a Market-
Maker contract eliminates price uncertainty for high-
valuation buyers (v ≥ pmax)while simultaneously increasing
revenue and welfare and maintaining efficiency. In Sec-
tion 7, we show computationally that for several popu-
lar distributions and reasonable risk parameters, this
revenue lift is often significant.

6. Heterogeneous Risk Aversion
So far, we assumed that all buyers have the same risk
aversion parameter (α or β). In practice, different
buyers may behave differently with regard to the way
they perceive risk. In this section, we study the setting
where buyers have a different risk aversion level and

examine the impact of adding a Market-Maker con-
tract. We assume that there are k populations of buyers
with α1 ≤ α2 ≤ : : : ≤ αk (β1 ≤ β2 ≤ : : : ≤ βk) for CARA
(mean-variance), where each population is present with
proportion 0 ≤ ρi ≤ 1, i � 1, : : : , k

∑k
i�1 ρi � 1

( )
among the

N buyers. Note that for the mean-variance model, a
higher value of β implies a higher risk aversion, and
likewise, for the CARA model, a higher value of α
implies a higher risk aversion.

Theorem 4 (Heterogeneous Risk Aversion). Under hetero-
geneous risk aversion, the equilibrium Market-Maker price is
not necessarily unique. Instead, there exists a range of equili-
brium prices that depends on the range of risk parameters.
There always exists at least one price, p∗M,k, that strictly
increases (i) the seller’s revenue and (ii) the welfare. In addi-
tion, each buyer’s utility stays the same, and the efficiency
remains optimal.

Remark 2. Recall that under risk neutrality, efficiency
and welfare coincide. In the presence of risk aversion,
efficiency is not a measure of interest for the seller/
buyer/central planner. Instead, the revenue, buyers’
utilities, and welfare become the most relevant met-
rics. Although Theorem A.1 proves that each buyer’s
utility stays the same under the price p∗M,k, an illustra-
tive example (see Section 7) shows that one can
slightly decrease the price and strictly improve the
sum of buyers’ utilities.

The proof of Theorem 4 can be found in Appendix G.
Theorem 4 shows the existence of at least one Market-
Maker price, denoted by p∗M,k, that yields a Pareto
improvement. This price corresponds to the unique
Market-Maker price that we would get from Proposition
1 if we assume that all buyers originate from population
k (i.e., with the highest risk aversion parameter) and can
be calculated using Equation (3) with α � αk (or β � βk).
The range of possible prices is of the form [q,p∗M,k],
where q corresponds to the smallest price point where
the Market-Maker contract does not default. We next
discuss an interesting effect of introducing heterogeneity
in risk aversion.

6.1. Homogeneous Vs. Heterogeneous:
Change in Allocation

A notable aspect of the setting under heterogeneous
risk aversion is that there exist Market-Maker prices
for which the allocation may not be efficient. More
precisely, a buyer with a lower valuation from a
higher risk-averse population may be allocated,
whereas a buyer with a higher valuation from a lower
risk-averse population is not. Namely, the I items are
not necessarily allocated to the I buyers with the high-
est valuations. To see this, consider the realization that
the auction clearing price is pmax and the Market-
Maker price p∗M,k: that is, the optimal price using Equa-
tion (3) assuming all buyers are from population k.
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Recall that there are exactly I buyers with valuation
above pmax when pmax is the clearing price. However,
only I · ρk of them are from population k and will opt
for the Market-Maker contract (using Corollary 1),
whereas the remaining I · (1− ρk) buyers who are from
population ℓ < k will participate and win in the auction.
Indeed, because buyers from population k are indiffer-
ent between the auction and the Market-Maker with
price p∗M,k, by using the result of Proposition 2, buyers
from population ℓ < k (who are less risk averse) will
only accept a smaller price and hence, strictly prefer the
auction. Consequently, if we decrease the Market-
Maker price by a small amount, to p∗M,k − ε, those buyers
from population ℓ < k will still strictly prefer the auc-
tion, whereas the ones from population kwith valuation
just below pmax—who were not allocated earlier when
pmax was the clearing price—will now switch to the
Market-Maker contract and get allocated. For each
buyer from population k with valuation below pmax

who switches to the Market-Maker contract, some
buyer from population ℓ (with ℓ < k) with valuation
above pmax will now be unallocated. This follows from
the fact that there are only I units available.

This discussion conveys that Market-Maker prices that
fall strictly below p∗M,k will result in a loss of efficiency
(under heterogeneous risk aversion). The next question
relates to the impact of the Market-Maker contract on the
sum of buyers’ utilities. We present an answer to this
question under some additional assumptions.Wewill fur-
ther investigate this question computationally in Section 7.

Theorem 5 (Impact on Sum of Buyers’ Utilities). Consider a
heterogeneous population of buyers. If the valuation func-
tion has an increasing failure rate (i.e., f (x)=[1− F(x)] is
increasing)3 and the support of the clearing price distribu-
tion consists of two points, then under the mean-variance
model, the sum of buyers’ utilities increases as the Market-
Maker price decreases (as long as the Market-Maker does
not default).

The proof of Theorem 5 can be found in Appendix H.
Note that we formally prove the result of Theorem 5
only for the mean-variance model. Indeed, under the
CARA model, comparing utilities of buyers with differ-
ent risk aversion parameters does not provide any
insight because the different utilities are not comparable
quantities. More precisely, the mean-variance model pre-
serves the same unit as expected utility, and hence, we
can compare buyers’ utilities. On the other hand, the
CARAmodel transforms all utilities into the [0, 1] space,
making comparisonsmeaningless.

7. Computational Experiments
In this section, we consider the setting with a standard
multiunit auction mechanism. Our goal is to illustrate
and quantify the results presented in Sections 5 and 6.

7.1. Homogeneous Risk Aversion
In Section 5, we have shown that there exists a unique
Market-Maker price p∗M. In addition, we characterized
this optimal price in closed form for the CARA and
mean-variance utility models. We also demonstrated
that adding a Market-Maker contract increases the sell-
er’s revenue without affecting buyers’ utilities (as it does
not modify the allocation). More precisely, the expected
revenue increase amounts to F(pmax) · (pM −μA). Our
next goal is to show that the revenue improvement gen-
erated by adding a Market-Maker contract can often be
significant.

We use several distributions for the buyers’ valua-
tions and the number of buyersN. Specifically, we con-
sider that F is uniform in [0, 1], exponential with mean
0.5, and follows a two-point distribution (equal to 0.2
with probability 5/8 and to 1 with probability 3/8).
For N, we consider a discrete two-point distribution
(with equal probabilities) and a normal distribution.

Several previous studies have considered the task of
estimating risk aversion. Ang (2014) claims that most
individuals have risk aversions between 1 and 10.
Typically, risk aversion estimates are obtained from
experimental and survey evidence. By considering
real financial choices, Paravisini et al. (2016) examined
actual financial decisions made by investors in an
online peer-to-peer lending platform. The authors esti-
mated that investors have risk aversions around three.
Consequently, we consider an instances of the CARA
model with α� 1 and α� 3 (using I� 1,000). Note that
in the homogeneous setting, there exists a one-to-one
correspondence between the mean-variance model
and the CARA model. For a given α, one can find a
corresponding value of β that yields the same optimal
Market-Maker price p∗M and hence, the same market
equilibrium outcome. Consequently, the results in
Table 1 can correspond to either utility model.

In Table 1, we generate 500 independent instances
and compute the expected seller’s revenue improve-
ment obtained by adding a Market-Maker contract

i:e:, R(p
∗
P,p∗M)

R(p∗P,∞)
( )

for settings with an average number of

buyers equal to 1:2I. Note that in all the cases we con-
sidered, the Market-Maker contract allows us to

Table 1. Expected Revenue Improvement for the Setting
with Homogeneous Risk Aversion Under Different
Distributions (Parameters: I� 1,000, E[N] � 1:2I, E[v] � 0:5,
and α�1 or α�3)

Distributional assumptions Revenue improvement

F N α� 1 α� 3

Uniform Discrete two point in {I, 1:4I} 1.068 1.201
Exponential Discrete two point in {I, 1:4I} 1.160 1.390
Two point Discrete two point in {I, 1:4I} 1.133 1.340
Exponential Normal with (1:2I, 0:1I) 1.044 1.116
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generate a significant revenue increase. More pre-
cisely, when α�1, the revenue improvement ranges
between 4.4% and 16%, and when α�3, the revenue
improvement is between 11.6% and 39%. In Figure I.1
(see Appendix I), we vary the risk aversion parameter
α for the CARA model and compute the revenue
improvement generated by adding a Market-Maker
contract. For the specific instance considered in Figure
I.1, when α varies between one and five, the revenue
improvement ranges between 8% and 33% (2% and
7.5%) when N follows a two-point (normal) distribu-
tion. As discussed before, for the mean-variance
model, the revenue improvement is linear with respect
to the risk aversion parameter β.

7.2. Heterogeneous Risk Aversion
We next quantify the impact of adding a Market-
Maker contract under the mean-variance utility model
when buyers have heterogeneous risk aversion. We
note that for the CARA model, comparing utilities of
buyers with different risk aversion parameters does
not provide any insight, as the different utilities are
not comparable quantities. More precisely, the CARA
model transforms all utilities into the [0, 1] space, mak-
ing comparisons meaningless. On the other hand, the
mean-variance model preserves the same unit as
expected utility, so that one can compare buyers’ util-
ities. Consequently, this section focuses on the mean-
variance model.

We consider a setting with two populations of
buyers β1 � 0:5 and β2 � 4: that is, type 2 buyers are
more risk averse. We assume that the proportions are
ρ1 � ρ2 � 0:5 and consider the distribution of valua-
tions F to be uniform [0, 1]. Additionally, we assume
that N can take the two values {I, 1:4I} with equal
probabilities (we observed similar qualitative results
whenN follows a normal distribution).

In Figure 2, we generate 1,000 independent samples
and plot the expected revenue improvement obtained

by adding a Market-Maker contract i:e:, R(p
∗
P,p∗M)

R(p∗P,∞)
( )

as

well as the expected improvement in the sum of
buyers’ utilities. We observe that decreasing the
Market-Maker price below p∗M,2 increases the sum of
buyers’ utilities. This implies that there exists a range
of prices for which we obtain a strict Pareto improve-
ment for both the seller and the buyers. As discussed
before, the maximal meaningful value of pM is such
that type 2 buyers (i.e., the more risk-averse buyers)
are indifferent between the Market-Maker contract
and the auction. This maximum price is denoted by
p∗M,2 and corresponds to the rightmost point on the x
axis in Figure 2. We next decrease the Market-Maker
price pM below p∗M,2. Consequently, some type 2
buyers will now strictly prefer the Market-Maker con-
tract, whereas some type 1 buyers will lose their allo-
cation when N � 1:4I realizes (because the auction
clearing price increases). In other words, risk-averse
buyers secure allocations via the Market-Maker con-
tract at the expense of some type 1 buyers who now
lose the auction when N � 1:4I realizes. Therefore, as
pM decreases, type 2 buyers are better off, whereas
type 1 buyers are worse off. Nevertheless, the overall
impact of adding the Market-Maker contract is posi-
tive: that is, the sum of buyers’ utilities (across both
populations) increases. Note that in Figure 2, we
decrease pM until the point at which the Market-Maker
defaults.

One can see that we obtain a Pareto improvement
in the seller’s revenue and in the sum of buyers’ util-
ities. In the instances we considered, the relative reve-
nue improvement ranges between 10.5% and 14.0%,
and the relative sum of buyers’ utilities improvement
reaches 3%.

Figure 2. (Color online) Improvements Obtained by Adding theMarket-Maker Contract for the Setting with Heterogeneous
Risk Aversion Under the Mean-Variance Model (Parameters: F Is Uniform [0, 1], N Is Discrete in {I, 1:4I}, ρ1 � ρ2 � 0:5, β1 � 0:5,
and β2 � 4)

Notes. (a) Seller’s revenue. (b) Sum of buyers’ utilities.
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In Figure I.2 (see Appendix I), we plot the buyers’
utilities for each population separately as a function of
pM. As explained before, when pM decreases, the sum
of type 2 buyers’ utilities (more risk averse) increases,
whereas the sum of type 1 buyers’ utilities decreases.
When pM � p∗M,2, because the allocation does not
change, adding the Market-Maker contract does not
affect the sum of buyers’ utilities. One can see that, as
expected, the gain in utility earned by type 2 buyers
dominates the loss suffered by type 1 buyers. Thus,
adding a Market-Maker contract has an overall posi-
tive effect on the population of buyers.

8. Conclusion
In this paper, we introduce and study a framework to
mathematically analyze the benefits of allocation and
price guarantees for risk-averse internet advertisers. In
particular, we consider introducing a programmatic
purchase option referred to as a Market-Maker contract
to the real-time auction ad-selling mechanism. A
Market-Maker contract guarantees allocation and fixed
price to its buyers. We show that adding a Market-
Maker contract to a single-shot multiunit auction,
which can be seen as a reduced-form market, can bene-
fit both the seller and the buyers. It eliminates alloca-
tion and price uncertainties for risk-averse buyers who
are willing to pay a premium over the expected auction
clearing price to hedge against uncertainty. On the
methodological side, our equilibrium analysis charac-
terizes buyers’ equilibrium behavior when facing two
alternatives and uncovers the truthfulness of the multi-
unit auction under the mean-variance utility model.

We assumed a fixed inventory (number of impres-
sions) of I units. Although this assumption often holds
because of reasonably sharp concentration bounds, one
can wonder what happens when there is inventory
uncertainty. In this case, one can implement the Market-
Maker contract using the same principle of setting its
price according to the worst-case scenario. When I is
deterministic, our results suggest to price the Market-
Maker contract based on the highest realized number of
buyers (and we still prove its profitability). We can now
modify this price to handle the combination of the high-
est number of buyers with the smallest number of
impressions. Alternatively, we can price according to a
value I∗, which is slightly above the smallest possible
value, so that the probability that the realized inventory
exceeds I∗ is high enough. To accommodate the rare
events in which the Market-Maker defaults, the contract
can be amendedwith an underdelivery penalty.
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Appendix A. Repeated Auction Process
In the paper, we assume that the auction process in P2 is a
single-shot multiunit auction. In the online ads markets, the
auction often consists of a sequence of first- or second-price
auctions. In this section, we show that this reduced form is a
reasonable simplification in certain cases. Indeed, we show
that when buyers can quickly discover the clearing price,
then the equilibrium outcome is the same as when P2 con-
sists of a single-shot multiunit auction.

Assumption A.1 (Accurate Predictability for Near Future). The
auction process is a repeated first-price or repeated second-price
auction. Additionally, although the buyers only know the distri-
bution of vI+1 when they make the decision in period P1, they
know the precise value of vI+1 when they enter the auction proc-
ess in period P2.

This assumption on buyer knowledge refinement over time
(as time passes from P1 to P2) stems from empirical evidence
in major ad exchanges. More specifically, the prediction accu-
racy when making a decision in P1 is significantly lower rela-
tive to the accuracy of predicting for the next day once the
auction process starts in P2. In fact, predictions for several rel-
evant metrics for a period far in the future are usually limited
to only knowing the distribution. However, predictions for a
period close in time become quite accurate. Although
Assumption A.1 states that soon after P2 begins, all the infor-
mation that can be learned is instantly learned, we further
discuss how our results degrade as we relax this assumption
in a natural manner (see Remark A.1).
We now show that in the single-period P2 equilibrium, the

distribution of auction clearing prices is exactly the distribu-
tion of vI+1. In particular, we identify a bidding equilibrium
whose outcome is such that the I-highest valued bidders
(including nonunit demand multiplicities) receive the item
and each buyer pays vI+1 per unit. To prove this result, we
rely on Assumption A.1 stating that the buyers know the pre-
cise value of vI+1 when they enter the auction process in
period P2. Note also that in our model in both the repeated
auction setting and the single-shot auction setting, the buyers
know their values in advance (i.e., in P1), and further, in the
repeated auction setting, the value remains constant over
time. We acknowledge that this is an assumption we are
making for analytical tractability and is a simplification of
real RTB (Real Time Bidding) markets.

Theorem A.1. In a repeated first-price auction, every bidding equi-
librium will result in the I-highest valued buyers (including multi-
plicities in demand) being allocated and paying vI+1 per unit of
good (plus a vanishingly small ε > 0). In a repeated second-price
auction, every bidding equilibrium where no bidder overbids will
result in the I-highest valued buyers (including multiplicities in
demand) being allocated; further, there exists an equilibrium where
the allocated buyers pay vI+1 per unit of good.

Proof of Theorem A.1. Recall that by Assumption A.1,
buyers know the precise value of vI+1 in period P2 before
entering the auction process.
First, we show the existence of an equilibrium for both the

repeated first-price and the repeated second-price auctions.
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Consider the following bidding strategy for buyers. Each
buyer j with a value strictly higher than vI+1 bids vI+1 + ε (for
a small ε > 0) in every repeated auction until they get allo-
cated kj goods in total, and bid zero afterward. Buyers with
value at most vI+1 bid their true value. In this bidding strat-
egy profile, no buyer can benefit from a unilateral deviation.
Indeed, buyers with value at most vI+1 cannot afford to pay
more than vI+1 per item and hence, cannot earn a higher util-
ity by bidding more than vI+1. They do not earn any higher
utility by bidding lower than vI+1 either, as they already do
not get allocated when bidding vI+1. The remaining buyers,
who bid vI+1 + ε, get allocated and pay at most vI+1 + ε in
either a first- or second-price auction. These buyers do not
benefit from raising their bids. They cannot reduce their bids
below vI+1 either and still get allocated. This immediately fol-
lows for the case of kj�1. For larger kj, one might wonder
whether the buyer could reduce their bid and get reduced
number of units (i.e., lesser than kj). However, this is not possi-
ble because of Assumption 2; the market is large, and hence,
no single agent’s demand can affect the price in a meaningful
way (i.e., the I+1th unit’s price is quite close to I+ kj th unit’s
price). So, reducing their bid will make them not get any
allocation.

Second, we show that in both repeated first-price and
repeated second-price auctions, any equilibrium allocation
outcome will always have the I-highest valued bidders being
allocated. Suppose on the contrary that there is an equili-
brium where a bidder who is not one of the I-highest valued
buyers gets allocated. Given that such a bidder’s value is at
most vI+1, she or he could not have paid more than vI+1 in
equilibrium. This means that one of the I-highest valued bid-
ders with value v > vI+1 who did not get allocated (and
hence, earns zero utility in the contrary equilibrium being
considered) could have raised his or her bid to vI+1 + ε
(where ε > 0 is small so that vI+1 + ε < v). It would thus allow
this bidder to be allocated and to earn a positive utility. This
contradicts the fact that every bidder was best responding in
equilibrium and hence, concludes the argument.

Third, we show that in any equilibrium of the repeated
first-price auction, all winners pay exactly vI+1 (plus a small
ε). To see this, note that no winning bidder will pay more
than the (I+ 1) th highest bid (plus a small ε). Indeed, they
could have lowered their bid to the (I+ 1) th highest bid
(plus a small ε) and still be allocated while earning a higher
utility. On the other hand, the bidder with value vI+1 will bid
exactly vI+1 in equilibrium. Indeed, she or he will not bid a
value higher than vI+1 because it leads to negative utility.
Furthermore, if she or he bids any lower than vI+1 in equili-
brium, say vI+1 − c for c > 0, then by the previous discussion,
the I-highest valued bidders will bid vI+1 − c+ ε, which
would not be an equilibrium given that the (I+ 1) th highest-
valued bidder could raise his or her bid to vI+1 − c+ 2ε,
get allocated, and earn positive utility (as c− 2ε > 0). This
proves the uniqueness of the payment scheme.

Note that the proof is agnostic to the risk-averse utility
model. This is because in period P2, the buyer knows the pre-
cise value of vI+1 and hence, does not face any uncertainty
because of Assumption A.1, making the exact risk-averse util-
ity model irrelevant. All we need is that the expression for
risk-averse utility under no uncertainty is an increasing

function of the value and a decreasing function of the price.
Any reasonable utility model satisfies this property. w

The absence of equilibrium uniqueness for repeated second-
price auctions is not surprising. Even in a (complete informa-
tion) single-shot second-price auction, the equilibrium is not
unique. For example, there exist some implausible equilibria
where the highest-valued bidder bids their true value and every
other bidder bids zero. Nevertheless, essentially all the literature
on second-price auctions works with the canonical equilibrium
where bidders bid truthfully, and the highest bidder pays the
second-highest value. Similarly in our setting, under the canoni-
cal equilibrium for the repeated second-price auction, all the I
highest bidders pay vI+1 per unit of good.

Remark A.1. Even when buyers do not have sufficient capa-
bility (or data) to accurately predict vI+1 (i.e., cases when
Assumption A.1 does not hold), we show that our results
degrade as a function of the amount of uncertainty. In partic-
ular, in Appendix F, we relax Assumption A.1 and assume
that buyers only know vI+1 approximately. We then formally
show that the structure of the results presented in Theorem
A.1 and Corollary 2 still holds but degrades with the level of
uncertainty in knowledge of vI+1.

Appendix B. Truthfulness Under Risk Aversion:
Proof of Theorem 1

Theorem1 (TruthfulnessUnderRiskAversion).Under theCARA
and mean-variance utility models, the (I+ 1)th price auction is both
universally truthful and truthful in expectation. Let Utruth (Ulie) be
the utility in the auction under truthful reporting (misreporting).

1. If Utruth > 0, then Utruth ≥Ulie.
2. If Utruth ≤ 0, then Ulie ≤ 0.

We next prove the result for each utility model.

B.1. Proof for the CARA Model
We consider a particular buyer with valuation v. To prove
the result, we show that such a buyer will never benefit from
misreporting her or his true valuation. For each single out-
come given by some clearing price p, the utility of a buyer
with valuation v is 1− e−α·(v−p)

+
. This expression is an increas-

ing function of the traditional quasilinear utility, and thus,
bidding truthfully is a dominant strategy. This shows that
under the CARA model, the (I+ 1) th price auction is univer-
sally truthful. Because the utility for a distribution over out-
comes is equal to the expected utility over individual
outcomes (for the CARA model), this also implies truthful-
ness in expectation (see also Nautz and Wolfstetter 1997).

B.2. Proof for the Mean-Variance Model
As mentioned, universal truthfulness is not meaningful for
the mean-variance model; it is straightforward because the
utility for an individual outcome is the standard quasilinear
utility (the variance term vanishes to zero), and the truthful-
ness of the (I+ 1) th price auction under standard quasilinear
utility is immediate. For truthfulness in expectation, we first
write the utility earned by a buyer with valuation v when
reporting her or his true valuation as Utruth � μtruth − β ·Vartruth,
where μtruth � Ep[(v− p)+] and Vartruth � Varp [(v− p)+] are
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given by

μtruth �
∫ v

0
(v− p) · h(p) · dp,

Vartruth �
∫ ∞

0
[(v− p)+ −μtruth]2 · h(p) · dp:

Here, we note that we do not assume that the bidders are in
an equilibrium nor that the distribution over clearing prices is
g(·). In particular, we do not impose any assumption on the
way that the other buyers bid; regardless of their bidding
behavior, we let h(·) be the distribution over clearing prices
induced by this bidding behavior. In more detail, the bidding
strategy profile of the remaining bidders, the randomness in
their valuations, and the randomness in the number of buyers
together determine the distribution of the auction clearing
price h(·) as seen by the focal bidder. We highlight that both
μtruth and Vartruth are computed over all cases, even when the
buyer is not allocated: that is, even when v < p (here, p
denotes the clearing price). This is why we have (v− p)+ �
max{v− p, 0} inside the integral defining Vartruth. We next
consider two cases depending on whether the buyer under-
bids or overbids.

B.2.1. Buyer Underbids. Suppose that the buyer decides
to report some value v′ < v. We prove the result in three
steps. First, we derive closed-form expressions for the differ-
ence in the mean and variance incurred by misreporting.
Second, we show an inequality relating these differences.
Third, we use this inequality to complete the proof.

Step 1 (Rewriting the utilities when misreporting). The
buyer’s utility when reporting v′ can be written as Ulie �
μlie − β ·Varlie, where μlie and Varlie are given by

μlie � μtruth −
∫ v

v′
(v− p) · h(p) · dp,

Varlie �
∫ v′

0
[(v− p) −μlie]2 · h(p) · dp+

∫ ∞

v′
(0−μlie)2 · h(p) · dp

�
∫ ∞

0
[(v− p)+ −μlie]2 · h(p) · dp

+
∫ v

v′
[(0−μlie)2 − ((v− p) −μlie)2] · h(p) · dp: (B.1)

Let δ � ∫ v

v′
(v− p) · h(p) · dp (i.e., μlie � μtruth − δ). We next rewrite

the expression ofVarlie. We have∫ ∞

0
[(v−p)+−μlie]2 ·h(p) ·dp�

∫ ∞

0
[(v−p)+−μtruth+δ]2 ·h(p) ·dp

�
∫ ∞

0
{[(v−p)+−μtruth]2

+ 2 ·δ ·[(v−p)+−μtruth]+δ2}·h(p) ·dp
�Vartruth+2 ·δ ·

∫ ∞

0
(v−p)+ ·h(p) ·dp

( )
− 2 ·δ ·μtruth+δ2

�Vartruth+2 ·δ ·μtruth−2 ·δ ·μtruth+δ2

�Vartruth+δ2, (B.2)

where the third equality follows from the fact that∫ ∞
0
h(p) · dp � 1. Thus, by substituting (B.2) into (B.1) and

using μlie � μtruth − δ, we obtain

Varlie �Vartruth + δ2 +
∫ v

v′
{(μtruth − δ)2 − [(v− p) − (μtruth − δ)]2}

· h(p) · dp
�Vartruth + δ2 −

∫ v

v′
(v− p) · [v− p− 2 · (μtruth − δ)] · h(p) · dp

�Vartruth −
∫ v

v′
h(p) · (v− p)2 · h(p) · dp

( )
+ 2 · δ ·μtruth − δ2

because δ�
∫ v

v′
(v− p) · h(p) ·dp:

( )
So far, we manipulated the expressions of μlie and Varlie to
relate them to μtruth and Vartruth. In particular, we have
shown that

μlie � μtruth − δ and Varlie � Vartruth −Δ,

where
δ �

∫ v

v′
(v− p) · h(p) · dp and

Δ �
∫ v

v′
(v− p)2 · h(p) · dp− 2 · δ ·μtruth + δ2:

Note that δ ≥ 0, but Δ can be of any sign.
Step 2 (Showing a useful inequality). We next show the

following inequality that relates δ and Δ:
Δ

Vartruth
≤ δ

μtruth

: (B.3)

To do so, we compute the following:

Δ · μtruth

δ
� μtruth

δ
·
∫ v

v′
(v − p)2 · h(p) · dp − 2 · δ · μtruth + δ2

[ ]
� μtruth

δ
·
∫ v

v′
(v − p)2 · h(p) · dp

( )
︸���������������︷︷���������������︸

�Γ

−2 · μ2
truth + μtruth · δ:

(B.4)

Note that we assumed that δ > 0. However, this is without
loss of generality because the inequality trivially holds for
δ�0. Using the following decomposition of μtruth,

μtruth �
∫ v′

0
(v− q) · h(q) · dq+ δ,

we obtain

Γ �1
δ
·
∫ v′

0
(v− q) · h(q) · dq

( )
·
∫ v

v′
(v− p)2 · h(p) · dp

( )
+
∫ v

v′
(v− p)2 · h(p) · dp

�1
δ
·
∫ v′

0
(v− q) ·

∫ v

v′
(v− p)2 · h(p) · dp

( )
· h(q) · dq

+
∫ v

v′
(v− p)2 · h(p) · dp

≤1
δ
·
∫ v′

0
(v− q) ·

∫ v

v′
(v− p) · (v− q) · h(p) · dp

( )
· dq

+
∫ v

v′
(v− p)2 · h(p) · dp

�
∫ v′

0
(v− q)2 · h(q) · dq+

∫ v

v′
(v− p)2 · h(p) · dp

�
∫ ∞

0
[(v− p)+]2 · h(p) · dp: (B.5)
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The inequality follows from the fact that (v− p)2 ≤ (v− p) · (v−
q) for 0 ≤ q ≤ v′ ≤ p ≤ v. Replacing (B.5) in (B.4), we obtain

Δ ·μtruth

δ
≤
∫ ∞

0
((v− p)+)2 · h(p) · dp− 2 ·μ2

truth +μtruth · δ

≤
∫ ∞

0
((v− p)+)2 · h(p) · dp− 2 ·μ2

truth +μ2
truth

(because δ ≤ μtruth)
� Vartruth,

where the last equality follows from the variance defini-
tion Var(X) � E[X2] −E[X]2. Note that the inequality we
proved implies that when Δ ≥ 0, the relative variance
reduction induced by misreporting is always dominated
by the relative mean reduction.

Step 3 (Completing the proof). We first complete the proof
in the first case (that is, when Utruth > 0) and show that
Ulie ≤Utruth. Using the previous steps, we can write

Utruth −Ulie � δ− β ·Δ:
Note that if Δ ≤ 0, the result immediately follows. We thus
assume that Δ > 0. As a result, we have

Utruth−Ulie≥δ−μtruth ·
Δ

Vartruth
because Utruth≥0⇒β≤ μtruth

Vartruth

( )
≥0: (by (B:3))

We next present a similar analysis to show that when Utruth

≤ 0, then Ulie ≤ 0. As before, we assume that Δ ≥ 0 as the
result immediately follows otherwise. Because Vartruth −Δ
� Varlie ≥ 0, we have
Ulie � μtruth − δ− β · (Vartruth −Δ)

≤ μtruth − δ− μtruth

Vartruth
· (Vartruth −Δ)

because Utruth ≤ 0⇒ β ≥ μtruth

Vartruth

( )
� μtruth ·

Δ

Vartruth
− δ

≤ 0: (by (B:3))
This concludes the proof.

B.2.2. Buyer Overbids. We now present the proof for the
case of overbidding (i.e., v′ > v). The steps are similar to the
underbidding case. First, we derive closed-form expressions
for the difference in the mean and variance incurred by mis-
reporting. Second, we show an inequality relating these varia-
tions. Third, we use this inequality to complete the proof.

Step 1 (Rewriting the utilities when misreporting). The
utility of the buyer when reporting v′ can be written as Ulie �
μlie − β ·Var′, where μlie and Varlie are given by

μlie �μtruth+
∫ v′

v
(v−p) ·h(p) ·dp�μtruth−

∫ v

v′
(v−p) ·h(p) ·dp

Varlie �
∫ v′

0
[(v−p)−μ2

lie ·h(p)] ·dp+
∫ ∞

v′
(0−μlie)2 ·h(p) ·dp

�
∫ ∞

0
[(v−p)+ −μ2

lie] ·h(p) ·dp+
∫ v′

v
[((v−p)−μlie)2

−(0−μlie)2] ·h(p) ·dp
�
∫ ∞

0
[(v−p)+ −μlie]2 ·h(p) ·dp+

∫ v

v′
[(0−μlie)2

−((v−p)−μlie)2] ·h(p) ·dp:

Note that these are the same expressions we found for the
underbidding case. Therefore, by replicating the analysis,
we obtain μlie � μtruth − δ and Varlie � Var−Δ, where

δ �
∫ v

v′
(v− p) · h(p) · dp and Δ

�
∫ v

v′
(v− p)2 · h(p) · dp− 2 · δ ·μtruth + δ2:

We again have δ ≥ 0, but Δ can be of any sign. Indeed,
recall that in this case, v′ > v, so that

δ �
∫ v

v′
(v− p) · h(p) · dp � −

∫ v′

v
(v− p) · h(p) · dp ≥ 0,

because for p ∈ [v,v′], (v− p) ≤ 0.
Step 2 (Showing a useful inequality). We next show the

following inequality that relates δ and Δ:

Δ

Vartruth
≤ δ

μtruth

: (B.6)

We again reproduce the steps in a similar fashion. We
begin by computing the following:

Δ · μtruth

δ
� μtruth

δ
·
∫ v

v′
(v − p)2 · h(p) · dp − 2 · δ · μtruth + δ2

[ ]
� μtruth

δ
·
∫ v

v′
(v − p)2 · h(p) · dp

( )
︸���������������︷︷���������������︸

�Γ

−2 · μ2
truth + μtruth · δ:

(B.7)

Recall that μtruth �
∫ v

0
(v− q) · h(q) · dq, and hence,

Γ �1
δ
·
∫ v

0
(v− q) · h(q) · dq

( )
·
∫ v

v′
(v− p)2 · h(p) · dp

( )
�1
δ
·
∫ v

0
(v− q) ·

∫ v

v′
(v− p)2 · h(p) · dp

( )
· h(q) · dq

≤1
δ
·
∫ v

0
(v− q) ·

∫ v

v′
(v− p) · (v− q) · h(p) · dp

( )
· dq

�
∫ v

0
(v− q)2 · h(q) · dq �

∫ ∞

0
[(v− p)+]2 · h(p) · dp: (B.8)

The inequality follows from the fact that 0 ≤ q ≤ v ≤ p ≤ v′
and therefore, (v− p) ≤ 0 ≤ (v− q). Using v ≤ v′ and by
swapping the order in the integral, we obtain∫ v

v′
(v− p)2 · h(p) · dp ≤ 0 ≤

∫ v

v′
(v− p) · (v− q) · h(p) · dp:

Finally, the last steps are the same as in the underbidding case.
Step 3 (Completing the proof). In this last step, the algebra

is exactly the same as the underbidding case and hence, omit-
ted for conciseness. w

Appendix C. Market-Maker Equilibrium
Monotonicity: Proof of Theorem 2

Theorem 2 (Market-Maker Equilibrium Monotonicity). Under
both the CARA and mean-variance models in any two-period

Cohen et al.: Best of Both Worlds Ad Contracts
Management Science, 2023, vol. 69, no. 7, pp. 4027–4050, © 2022 INFORMS 4043

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

76
.7

0.
52

.6
6]

 o
n 

20
 J

ul
y 

20
23

, a
t 0

4:
12

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 



equilibrium induced by a Market-Maker price pM, if there exists
a value ṽ such that buyers with valuation ṽ purchase the
Market-Maker contract in P1 (rather than waiting to participate
in the auction in P2), all buyers with valuations v ≥ ṽ will also
purchase the Market-Maker contract in P1.

Proof. We provide a separate analysis for each utility model.
For a given v and a Market-Maker price pM, let UM(v) (UA(v))
be the utility earned by a buyer with valuation v from choosing
the Market-Maker contract (the auction). As discussed in Re-
mark 1, we assume that these expressions are given by Equation
(1) (Equation (2)); namely, we do not worry about whether at
most I buyers select the Market-Maker contract. LetH(·) denote
the cumulative distribution function (cdf) and h(·) the probabil-
ity mass function of the auction clearing price under the equili-
brium induced (if an equilibrium exists) by the Market-Maker
price of pM. For ease of exposition, we assume that the distribu-
tion of valuations is continuous (only for this proof).

C.1. Mean-Variance Model
We next show that the difference in utilities between opting
for the Market-Maker contract and participating in the auc-
tion is increasing with v. To this end, we first rewrite the util-
ity derived from the auction:

UA(v) �
∫ v

0
((v − p) − β · Varp[(v − p)+])h(p) · dp:

We now compute the derivative of each term separately. For
the first term, we have

∂

∂v

∫ v

0
(v − p) · h(p) · dp

[ ]
�
∫ v

0
h(p) · dp � H(v):

The derivative of the second term can be written as

∂

∂v
Varp[(v− p)+]{ }� ∂

∂v
(Ep[{(v− p)+}2] −Ep[(v− p)+]2)

� ∂

∂v

∫ v

0
(v− p)2 · h(p) · dp

[ ]
− 2 ·Ep[(v− p)+] ·H(v)

� 2 ·
∫ v

0
(v− p) · h(p) · dp−2 ·Ep[(v− p)+] ·H(v)

� 2 ·Ep[(v− p)+]−2 ·Ep[(v− p)+] ·H(v)
� 2 ·Ep[(v− p)+] ·H(v):

Here, H(v) � 1−H(v) denotes the complementary cdf of the
auction clearing price. Note that the variance is an increasing
function of v. Putting both terms together, we obtain

∂

∂v
UA(v) �H(v) − 2 · β ·Ep[(v− p)+] ·H(v):

Because UM(v) is a linear function of v for v ≥ pM, namely
v− pM (note that the theorem statement is only for values of
pM that are high enough so that the Market-Maker option is
not sold out; therefore, any buyer with v ≥ pM can afford the
Market-Maker contract and earns a utility of v− pM), its
derivative with respect to v is equal to one. Therefore,

∂

∂v
[UM(v) −UA(v)] �H(v) · (1+ 2 · β ·Ep[(v− p)+]) ≥ 0:

As a result, the difference in utility functions is increasing
with v. Thus, if there exists a value ṽ such that buyers with
valuation ṽ prefer the Market-Maker relative to the auction,

then all buyers with valuation v ≥ ṽ will also prefer the
Market-Maker—hence, concluding the proof.

C.2. CARA Model
Unlike the proof for the mean-variance model, where we ana-
lyzed the derivative of the difference in utilities, for the
CARA model we will use the ratio of the derivatives. As
before, we start by computing the derivatives of the utility
functions. For v ≥ pM, we have

∂

∂v
UM(v) � α · e−α·(v−pM) ≥ 0 and

∂2

∂2v
UM(v) � −α2 · e−α·(v−pM) ≤ 0:

One can write ∂
∂vUA(v) � α · ∫ v

0
e−α·(v−p) · h(p) · dp ≥ 0: This

shows that UM(v) and UA(v) are both increasing functions of
v. In addition, UM(v) is concave. Observe that for v ≤ pM,
UM(v) � 0. Consequently, UA(pM) ≥UM(pM) � 0. To prove
the claim, it suffices to show that the functions UA(v) and
UM(v) intersect at most once. Figure A.1 depicts the situa-
tion. We next consider two cases. For both cases, the analy-
sis will use the ratio of derivatives. By using the expressions
of the derivatives, we have

∂UA

∂v
(v)
/
∂UM

∂v
(v) �

∫ v

0
e−α·(pM−p) · h(p) · dp: (C.1)

This implies that the ratio in (C.1) is increasing with v. Let
vmax denote the maximal value of the valuation v (if the sup-
port of v is unbounded, one can take vmax �∞ and use a
limit argument). We next separate the analysis depending on
the ordering of UA(vmax) and UM(vmax).
Case C.1.We first consider UA(vmax) ≤UM(vmax). In this case,
because UA(pM) ≥UM(pM) � 0, the functions UA(·) and UM(·)
have to intersect at least once. In other words, there must
exist at least one value v > pM such that UM(v) �UA(v). In
addition, it is not possible to have an even number of cross-
ing points (by crossing point, we mean that the ordering of
the function switches) as this would contradict the fact that
UA(vmax) ≤UM(vmax). We assume by contradiction that the
number of crossing points is at least three. In this case, note
that when the curves intersect for the second time, say at v̂,

Figure A.1. ComparingUA(v) andUM(v)
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we must have ∂UA=∂v(v̂) ≥ ∂UM=∂v(v̂): that is, the ratio of
derivatives must be greater than one. Because this ratio is
increasing by Equation (C.1), this means that this ratio
remains above one for all v ≥ v̂. Consequently, we cannot
have UA(v) >UM(v) for any v ≥ v̂. As a result, there exists a
single value v such that for all v ≥ v, UM(v) ≥UA(v).
Case C.2. We now consider UA(vmax) >UM(vmax). By using
the expressions derived at the beginning of the proof, we can
write for all v ≥ pM:

∂

∂v
UM(v) � α · (1−UM(v)) and

∂

∂v
UA(v) � α · (1−UA(v)):

Consequently,

∂UA

∂v
(v)
/
∂UM

∂v
(v)
∣∣∣∣
v�vmax

� 1 −UA(vmax)
1 −UM(vmax) : (C.2)

Our assumption for this case implies that the ratio in (C.2)
is smaller than one. Because the ratio of derivatives is
increasing with v, it remains strictly smaller than one for
all pM ≤ v ≤ vmax. This implies that the functions UA(·) and
UM(·) never intersect. Indeed, recall that at v�pM,
UA(pM) ≥UM(pM), and thus, if UM(·) was to intersect UA(·),
its derivative must be greater than the derivative of UA(·)
at some point (because both functions are increasing). As
a result, there is no value of v such that UM(v) �UA(v)
—concluding the proof.

Appendix D. Market-Maker Price Characterization:
Proof of Proposition 1

Proposition1 (Market-MakerPriceCharacterization). Let pmax be
the highest auction clearing price (in the support of the distribution of
clearing prices) in a single-period (P2) equilibrium where there is no
Market-Maker contract. Let p∗M be the Market-Maker price such that
v(p∗M) � pmax (see Corollary 1). Then,we have the following.

1. AMarket-Maker price will result in an equilibrium where at most,
I buyers opt for theMarket-Maker contract only if it is at least p∗M.

2. A Market-Maker price will result in at least one buyer opting
for the Market-Maker contract only if it is at most p∗M.

Moreover, a closed-form expression for p∗M is given by

p∗M �
μA + β · σ2A (Mean-variance model),

1
α
· log (Ep[eα·p]) (CARA model):

⎧⎪⎪⎨⎪⎪⎩ (3)

Here, μA and σA are the mean and standard deviation of the auc-
tion clearing price, respectively, in the single-period (P2) equili-
brium, where the Market-Maker contract is not offered. Likewise,
the expectation Ep in the CARA model is over the distribution of
auction clearing prices in the single-period equilibrium, where the
Market-Maker contract is not offered.

Proof. We start by deriving the closed-form expression for
p∗M, which is defined as the Market-Marker price such that
v(p∗M) � pmax. When selecting p∗M for the Market-Maker con-
tract, recall that buyers with valuation higher or equal than
v(p∗M) � pmax will opt for the Market-Maker contract (Corol-
lary 1). Because such buyers have a valuation higher than the
highest possible clearing price, they will always be allocated
in the auction. Therefore, for v ≥ pmax, we have (v− p)+ �
v− p for any auction clearing price p. In addition, for a given

value of v ≥ pmax, the variance of (v− p) is simply the var-
iance of p, which is σ2A. Putting everything together, this
means that the utility of buyers with valuation v ≥ pmax if
they choose the auction is

UA(v) �
v−μA−β ·σ2A (Mean-variance model),

1− e−α·v ·Ep[eα·p] (CARAmodel):

{
(D.1)

If they decide to opt for the Market-Maker contract at price
pM, their utility is given by

UM(v) � v − pM (Mean-variance model),
1 − e−α·v · eα·pM (CARA model):
{

(D.2)

As a result, for the Market-Maker contract to be (weakly)
preferred relative to the auction for buyers with valuation
v ≥ pmax, the Market-Maker price pM must be at most p∗M
given by

p∗M �
μA + β · σ2A (Mean-variance model),
1
α
·Ep[eα·p] (CARA model):

⎧⎪⎪⎨⎪⎪⎩
When setting a Market-Maker price below p∗M, all buyers
with valuation above pmax prefer the Market-Maker contract
relative to the auction. If we decrease the Market-Maker price
strictly below p∗M, buyers with valuation exactly pmax will
strictly prefer the Market-Maker price: that is, UA(pmax)
<UM(pmax). By continuity of the utility functions, this implies
that for some ε > 0, a buyer with v � pmax − ε also strictly pre-
fers the Market-Maker contract. This implies that v(p∗M) ≤
pmax − ε, which contradicts the definition of p∗M (recall that p∗M
is defined by v(p∗M) � pmax).

D.1. Uniqueness of p∗
M

We now show that p∗M is the only feasible price for which at
least one buyer selects the Market-Maker contract. First, note
that for any price strictly below p∗M, more than I buyers will
choose the Market-Maker when pmax is the auction clearing
price. If the Market-Maker price pM is strictly below p∗M, this
implies that v(pM) < pmax, and consequently, more than I
buyers will choose the Market-Maker contract when Nmax

realizes. In this case, the Market-Maker will default, and
hence, this is not a feasible price. We next show that the
Market-Maker price cannot exceed p∗M. Observe that when
pM � p∗M by comparing (D.1) and (D.2), we have UA(v) �
UM(v) for all v ≥ pmax. This implies that (i) buyers with valua-
tions above pmax are indifferent between the Market-Maker
contract and the auction and that (ii) for any pM > p∗M, all
buyers strictly prefer participating in the auction relative to
opting for the Market-Maker contract. As a result, p∗M is the
unique feasible price for which at least one buyer selects the
Market-Maker contract. w

Appendix E. Market-Maker Price as a Function of
Risk: Proof of Proposition 2

Proposition 2 (Market-Maker Price as a Function of Risk). The
revenue-optimal Market-Maker price p∗M is an increasing function
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of the risk aversion parameter (α in the CARA model and β in the
mean-variance model). Further, in the mean-variance model, p∗M is
an increasing function of the variance of the auction clearing price
(σ2A).

Proof. Note that for the mean-variance model, the result
directly follows from the expression in (3). We next prove the
result for the CARA model. The first-order derivative with α
is given by

(p∗M)′(α) � − 1
α2 · log (Ep[eα·p]) + 1

α
· Ep[p · eα·p]

Ep[eα·p] � − 1
α2 · h(α),

where we denote h(α) � log (Ep[eα·p]) − α · Ep[p·eα·p]
Ep[eα·p] :

Note that h(0) � 0, and therefore, it suffices to show that
h′(α) ≤ 0 for all α ≥ 0. The first derivative of h(α) is given by

h′(α) � Ep[p · eα·p]
Ep[eα·p] −Ep[p · eα·p]

Ep[eα·p]

− α ·Ep[p2 · eα·p] ·Ep[eα·p] −Ep[p · eα·p]2
Ep[eα·p]2

� −α ·Ep[p2 · eα·p] ·Ep[eα·p] −Ep[p · eα·p]2
Ep[eα·p]2

≤ 0,

where the last inequality follows from the Cauchy–Schwarz
inequality. Because h′(α) ≤ 0 for all α ≥ 0 and h(0) � 0, we
have h(α) ≤ 0 for all α ≥ 0. As a result, (p∗M)′(α) ≥ 0 for all
α ≥ 0. w

Appendix F. Relaxing Assumption A.1
In the paper, we assume that at the beginning of P2, the bid-
ders know the auction clearing price with no uncertainty
(Assumption A.1). We next examine how our results would
be affected if instead, there is some level of uncertainty at the
beginning of P2. For simplicity, we assume that the bidders
are unit demand (i.e., kj� 1 for all buyers). However, the
results extend for all kj’s using Assumption 2.

Specifically, we assume that at the beginning of P2, the
remaining uncertainty is captured by a distribution ℓ(·) that
represents the belief of buyers over the (I+ 1) th highest
value vI+1. We note that the distribution ℓ(·) not only is a
decision-making tool for bidders in P2 but also, models the
utility they actually experience. When there is no uncertainty,
the distribution ℓ(·) will boil down to a point mass at vI+1.
We assume that at the beginning of P2, the buyers do not
have an exact knowledge of vI+1 but only know that it
belongs to some interval [v−,v+], such that v+ − v− ≤ δ for a
small δ > 0. Under this assumption, we extend Theorem A.1
as follows.

Theorem F.1. In a repeated first- or second-price auction, every
bidding δ equilibrium where no bidder overbids will result in buyers
with value at least v− −O(δ) being allocated.

Proof. First, we show the existence of a δ equilibrium for
both the repeated first-price and second-price auctions. Con-
sider the following bidding strategy for buyers. Buyers j with
a value strictly higher than v+ bid v+ in every repeated auc-
tion until they get allocated and bid zero afterward. Buyers

with value at most v+ bid their true value. We claim that in
this bidding strategy profile, no buyer can benefit by more
than δ from a unilateral deviation. Indeed, buyers with value
at most v+ cannot afford to pay more than v+ per item and
hence, cannot earn a utility higher than δ by bidding more
than v+. Bidding any value in [v−,v+] gives them at most δ
utility. The remaining buyers, who bid v+, get allocated and
pay at most v+ in either a first- or second-price auction. These
buyers can increase their utility by at most δ by reducing
their bids, and they would not benefit from raising their bids.
Second, we show that in both repeated first- and second-

price auctions, any equilibrium allocation outcome will never
have a bidder with value v ≤ v− −O(δ) getting allocated.
Indeed, suppose on the contrary that a bidder with value v <
v− −O(δ) gets allocated. Such a bidder could not have paid
more than v− −O(δ) in equilibrium because this would lead
to a negative utility. Consequently, this means that one of the
bidders with value v ≥ v− who did not get allocated (and
hence, earns zero utility in the contrary equilibrium) could
have raised his or her bid to v– and got at least δ utility. It
would allow this bidder to be allocated and earn positive util-
ity, leading to a contradiction. w

At the beginning of P1, values are drawn from a joint dis-
tribution F(·), which is not necessarily independent across
bidders. This distribution F(·) along with other sources of ran-
domness creates a distribution in P1 on the (I+ 1) th highest
value vI+1, which we call g(·). If there was no uncertainty in
P2, then the distribution of the auction clearing price in P1
would be the same as g(·). However, because we have
relaxed Assumption A.1 and hence, there is some level of
uncertainty in P2 (this uncertainty is captured by distribution
ℓ(·) described at the beginning of Appendix F), it follows that
the distribution of the clearing price in P1 is not the same as
g(·). Let the distribution g̃(·) capture the clearing prices in P1
when bidders make a decision between the Market-Maker
contract and the sequence of repeated auctions. Importantly,
we assume that the Market-Maker has only access to g(·) and
sets the price according to that distribution. Otherwise,
because Theorem 5 holds under any equilibrium distribution
in P2, one can simply compute the optimal Market-Maker
price in Equation (3) by using g̃(·) instead of g(·).
We now extend Corollary 2, which is a central result

enabling other results. The goal is to understand how
relaxing Assumption A.1 affects which buyers select the
Market-Maker contract. To analyze what happens in P1,
we focus on the canonical δ equilibrium described. More
precisely, we focus on the δ equilibrium where every bid-
der with value v ≥ v+ bids v+, whereas other bidders bid
their true value. We note that when δ goes to zero, this
coincides with the equilibrium in Theorem A.1. We begin
with the repeated second-price auction setting. Under this
equilibrium, note that exactly the top I bidders get allo-
cated and pay vI+1 in the repeated second-price auction.
This is exactly the same outcome as in a single-shot multi-
unit auction, and thus, all our results continue to hold in
this case. In particular, the same set of buyers who
selected Market-Maker will continue to do so even after
relaxing Assumption A.1.
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Under the first-price price auction setting, things get
slightly different. Indeed, bidders with value higher than v+

will bid v+, where vI+1 ≤ v+ ≤ vI+1 + δ. This means that when
these bidders opt for the auction, they end up paying a
slightly higher price because their payment of v+ (which is
their bid) is slightly higher than vI+1.4 This means that the
auction is slightly less attractive for some buyers, and they
could potentially switch to the Market-Maker contract. We
now have to argue that there are not too many buyers who
will switch to the Market-Maker contract because of this.
Note that as per Corollary 2, buyers with value at least pmax
are indifferent between Market-Maker and auction when
there is no uncertainty. Regardless of how they broke ties
when there was no uncertainty, even if all such buyers are
now picking the Market-Maker option, this still does not
cause any more such buyers choosing Market-Maker than
when all the indifferent buyers picked Market-Maker when
there was no uncertainty. As for buyers with value v < pmax,
note that they strictly preferred the auction when there was
no uncertainty. With uncertainty, their utility from the auc-
tion goes down by at most O(δ). Given that the separation
between auction and Market-Maker utilities increases as v
decreases (see the proof of Theorem 5), this means that for
v < pmax − r(δ) for some r(·) that is monotonically increasing
and has r(0) � 0, despite reduced auction utility, such buyers
will still strictly prefer the auction. Thus, buyers in an interval
of size at most O(r(δ)) will switch to the Market-Maker. As a
result, we can extend Corollary 2 as follows.

Corollary F.1. When offering a Market-Maker contract at price
p∗M, buyers with valuations v < pmax −O(r(δ)) strictly prefer to
participate in the auction (i.e., wait until P2), whereas buyers with
valuations v ≥ pmax strictly prefer to choose the Market-Maker con-
tract (i.e., buy in P1).

Corollary F.1 conveys that when there is uncertainty in P2
(i.e., when δ > 0), only buyers with values in a small interval
of size O(r(δ)) will make a different decision relative to their
decision in the absence of uncertainty. When the distribution
F(·) is Lipschitz continuous, this means that the mass of such
buyers is small. Therefore, this implies that the revenue from
the Market-Maker contract in the presence of uncertainty dif-
fers by at most O(r(δ)) from the Market-Maker revenue with-
out uncertainty. Additionally, the probability of defaulting is
also at most O(r(δ)). As a result, this ultimately shows that
our results continue to hold even when there is some uncer-
tainty at the beginning of P2.

Appendix G. Heterogeneous Risk Aversion: Proof
of Theorem 4

Theorem4 (HeterogeneousRisk Aversion). Under heterogeneous
risk aversion, the equilibrium Market-Maker price is not necessarily
unique. Instead, there exists a range of equilibrium prices that
depends on the range of risk parameters. There always exists at least
one price, p∗M,k, that strictly increases (i) the seller’s revenue and
(ii) the welfare. In addition, each buyer’s utility stays the same, and
the efficiency remains optimal.

Proof. Let α1 < : : : < αk (β1 < : : : < βk) be the risk aversion
parameters for the CARA (mean-variance) model. Recall that

by Proposition 2, αk and βk correspond to the most risk-
averse population of buyers. Consider setting the Market-
Maker price assuming that the entire population has a risk
aversion parameter αk (or βk); that is, we set the price p∗M,k by
using Equation (3) with α � αk (or β � βk). Under this
Market-Maker price, buyers from population k with valuation
at least pmax are indifferent between the Market-Maker con-
tract and the auction. As before, we assume that such indif-
ferent buyers will opt for the Market-Maker contract.
However, the less risk-averse buyers (i.e., all the buyers from
populations ℓ < k) strictly prefer participating in the auction
when the Market-Maker price is set at p∗M,k. Thus, each
buyer’s utility stays the same, and the efficiency remains opti-
mal. At this price, the auction clearing price is unaffected,
and the revenue strictly increases, just as in the homogeneous
setting. This concludes the Pareto improvement proof. w

We next show the existence of a range of prices. When set-
ting the Market-Maker price at p∗M,k, all buyers from popula-
tion k with value above pmax opt for the Market-Maker. Note
that when p∗M,k realizes, this represents ρk · I buyers. Conse-
quently, because at most ρk · I buyers select the Market-
Maker, there is room to lower the Market-Maker price to
attract additional buyers. As the Market-Maker price
decreases below p∗M,k, some of the less risk-averse buyers will
start switching to the Market-Maker contract. This will occur
until the point in which we cannot decrease the Market-
Maker price any further: that is, when at most I buyers select
the Market-Maker contract. This shows that there is a range
of feasible price for the Market-Maker.

Appendix H. Proof of Theorem 5

Theorem 5 (Impact on Sum of Buyers’ Utilities). Consider a het-
erogeneous population of buyers. If the valuation function has an
increasing failure rate (i.e., f (x)=[1− F(x)] is increasing)5 and the
support of the clearing price distribution consists of two points,
then under the mean-variance model, the sum of buyers’ utilities
increases as the Market-Maker price decreases (as long as the
Market-Maker does not default).

Proof. For simplicity, we present the proof for the case with
two types of buyers. The proof naturally extends for k > 2
types. As discussed at the end of Section 6, we focus on the
mean-variance model as the utilities of buyers with different
risk aversion parameters under the CARA model are not
comparable quantities.
Without loss of generality, we assume that β2 > β1, and we

refer to the buyers with risk aversion parameter β1 (β2) as
type 1 (type 2). Moreover, we assume that each type of buyer
represents a fraction 0 < ρi < 1 of the population. Addition-
ally, we assume that the clearing price can only take two val-
ues and is equal to pL with probability 0 < qL < 1 and to pH
otherwise, where pH > pL. We define

p(β) � μA + β · σ2A,

where μA � qL · pL + (1− qL) · pH is the average clearing price
and σA � (pH − pL) ·

���������������
qL · (1− qL)
√

is the standard deviation of
the clearing price. Without the Market-Maker contract, because
the auction clearing price can only take two values, we can
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compute all the quantities of interest in closed form. In particu-
lar, when all the buyers participate in the auction, we have

UA,i(v) �
s(v,β) if pL ≤ v ≤ pH,

v− p(βi) if v > pH,
0 otherwise:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Here, UA,i(·) denotes the utility of a buyer of type I, and for
all v and β, we have

h(v,β) � −β · q2L · (1− qL) · (v− pL)2 + (1− qL) · (v− pL):
We start from the situation described in Theorem A.1 (i.e.,
the Market-Maker price is set to p∗M,2 � p(β2)). Under this
Market-Maker price, type 2 buyers with valuations v ≥ pH
are indifferent between the Market-Maker contract and par-
ticipating in the auction, whereas the other buyers strictly
prefer the auction. In this case, as we explained before,
there is no change in allocation. We next consider decreas-
ing the Market-Maker price below p(β2). Note that when
p∗M,2 � p(β2), at most ρ2 · I < I buyers will opt for the
Market-Maker contract. As a result, decreasing the Market-
Maker price is feasible and does not lead to defaulting (as
it was the case in the homogeneous setting).

For any Market-Maker price pM < p(β2), some type 2
buyers will prefer the Market-Maker relative to the auction.
For a given pM, there exists a unique threshold on the type 2
buyers’ valuation, denoted by (pH − δ), that induces a switch
to the Market-Maker. We denote the Market-Maker price that
induces this threshold by p2(δ). We parametrize the analysis
as a function of δ. In other words, the type 2 buyers with val-
uations higher than or equal to (pH − δ) strictly prefer the
Market-Maker contract relative to the auction. In addition, the
type 2 buyers with valuation exactly equal to (pH − δ) are
indifferent between the two options. For a given value of δ,
we have

U2(δ,v) �
h(v,β2) if pL ≤ v ≤ pH − δ,
v− p2(δ) if v > pH − δ,

0 otherwise:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
The indifference experienced by the type 2 buyers with valua-
tion (pH − δ) yields the following continuity constraint:

h(pH − δ,β2) � pH − δ− p2(δ): (H.1)

Recall that when pH realizes, the number of buyers (of both
types 1 and 2) with valuations higher or equal than pH is
exactly I. Because some type 2 buyers with valuations strictly
less than pH now opt for the Market-Maker contract, some
type 1 buyers with valuations pH and higher will be unallo-
cated when pH realizes. This follows from the following
facts. (i) For a small-enough value of δ, type 1 buyers still
strictly prefer participating in the auction, and (ii) because
there is a smaller number of items to allocate in the auction,
some type 1 buyers will be unallocated when pH realizes. In
particular, there is a threshold denoted by (pH + t(δ)) such
that the type 1 buyers with valuations strictly above this
threshold are always allocated in the auction. Therefore, the
type 1 buyers earn the following utility:

U1(δ,v) �
h(v,β1) if pL ≤ v ≤ pH + t(δ),
v− p1(δ) if v > pH + t(δ),

0 otherwise:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Note that in this case, no type 1 buyer opts for the Market-
Maker contract. Note also that the average auction clearing
price denoted by p1(δ) has increased. As before, the continu-
ity of the utility function at (pH + t(δ)) implies

h(pH + t(δ),β1) � pH + t(δ) − p1(δ): (H.2)

Finally, we relate t(δ) to δ by using the fact that the number
of type 2 buyers who switch to the Market-Maker is equal to
the number of type 1 buyers who lose their allocation when
pH realizes. This conservation condition can be written as
follows:

ρ1 · [F(pH + t(δ)) − F(pH)] � ρ2 · [F(pH) − F(pH − δ)]: (H.3)

We next complete the proof by showing the monoto-
nicity of the sum of buyers’ utilities as a function of δ.
First, we consider the sum of utilities of the type 2
buyers:

U2(δ) �
∫ vmax

0
U2(δ, v) · f (v) · dv

�
∫ pH−δ

pL
h(v, β2) · f (v) · dv +

∫ vmax

pH−δ
[v − p2(δ)] · f (v) · dv:

The first-order derivative is given by

U′
2(δ) � −h(pH − δ) · f (pH − δ) + (pH − δ − p2(δ)) · f (pH − δ)

−
∫ vmax

pH−δ
p′2(δ) · f (v) · dv:

By using Equation (H.1), we obtain

U′
2(δ) � −

∫ vmax

pH−δ
p′2(δ) · f (v) · dv: (H.4)

Next, we consider the sum of utilities of the type 1 buyers:

U1(δ) �
∫ vmax

0
U1(δ, v) · f (v) · dv

�
∫ pH+t(δ)

pL
h(v,β1) · f (v) · dv+

∫ vmax

pH+t(δ)
[v − p1(δ)] · f (v) · dv:

Taking the first-order derivative yields

U′
1(δ) � t′(δ) · h(pH + t(δ), β1) · f (pH + t(δ))

− (pH + t(δ) − p1(t(δ))) · f (pH + t(δ)) · g′(δ)
−
∫ 1

pH+t(δ)
p′1(t(δ)) · t′(δ) · f (v) · dv:

Using Equation (H.2), we obtain

U′
1(δ) � −

∫ vmax

pH+t(δ)
p′1(δ) · f (v) · dv: (H.5)

We now get the closed-form expression for p′1(t(δ)) · t′(δ),
p′2(δ) and t′(δ). First, using (H.1), we have

p′2(δ) � −1+ ℓ(pH − δ,β2),
where for all v and β, we have

ℓ(v,β) � ∂

∂v
h(v,β) � −2 · β · q2L · (1− qL) · (v− pL) + (1− qL):

(H.6)
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Similarly, using (H.2), we obtain

t′(δ) · p′1(t(δ)) � t′(δ)(1 − ℓ(pH + t(δ), β1)):
Finally, using (H.3), we have

t′(δ) � τ · f (pH − δ)
f (pH + t(δ)) ,

where τ � ρ2=ρ1. Using these expressions combined with
(H.4) and (H.5), we obtain that the first derivative of the
sum of buyers’ utilities is given by

U′(δ) � ρ1 ·U′
1(δ) + ρ2 ·U′

2(δ)
� −ρ1 · t′(δ) · p′1(t(δ)) · (1− F(pH + t(δ)))
− ρ2 · p′2(δ) · (1− F(pH − δ))

� ρ2 · f (pH − δ) · [1− ℓ(pH − δ,β2)] ·
(1− F(pH − δ))

f (pH − δ)
[

−(1− ℓ(pH + t(δ),β1)) ·
1− F(pH + t(δ))
f (pH + t(δ))

]
:

The increasing hazard rate assumption implies that

f (pH + t(δ))
1 − F(pH + t(δ)) ≥

f (pH − δ)
1 − F(pH − δ) :

To conclude the proof, it therefore remains to show that

ℓ(pH + t(δ), β1) ≥ ℓ(pH − δ, β2):
Using (H.6), this is equivalent to showing

−2 · β1 · q2L · (1 − qL) · (pH + t(δ) − pL) + (1 − qL)
≥ −2 · β2 · q2L · (1 − qL) · (pH − δ − pL) + (1 − qL),

which is in turn equivalent to

β2 · (pH − δ − pL) ≥ β1 · (pH + t(δ) − pL): (H.7)

Note that the Market-Maker price associated with δ is feasible
(i.e., does not default) as long as no type 2 buyers switch to
the Market-Maker: that is, as long as

h(pH + t(δ), β1) ≥ pH + t(δ) − p2(δ):
Using (H.1) to replace p2(δ), this implies that

h(pH + t(δ),β1) − h(pH − δ,β2) ≥ t(δ) + δ:

Using the expression of h(v,β), the assumption that the
Market-Maker does not default therefore implies that

β2 · q2L · (1− qL) · (pH − δ− pL)2 ≥ β1 · q2L · (1− qL)
· (pH + t(δ) − pL)2 + qL · t(δ) + (2− qL) · δ:

Collecting the terms, we obtain the following inequality:

β2 · (pH − δ − pL)2 ≥ β1 · (pH + t(δ) − pL)2:
Multiplying the left-hand side by β2=β1 ≥ 1, we obtain

β22 · (pH − δ− pL)2 ≥ β21 · (pH + t(δ) − pL)2,
which implies (H.7) and concludes the proof.

Appendix I. Additional Figures

Endnotes
1 We leave the analysis of the joint equilibrium in the presence of
repeated first- or second-price auctions, rather than the reduced-
form single-shot multiunit auction that we consider, as an open
question. The main technical challenge here is that the repeated
auction process with persistent values has to be analyzed by

Figure I.1. (Color online) Expected Revenue Improvement
for the Setting with Homogeneous Risk Aversion (Parame-
ters:N Is Either Discrete Two Point in {I, 1:4I} or Normal with
(1:2I, 0:1I), F Is Uniform in [0,1], and I � 1,000)

Figure I.2. (Color online) Relative Improvement in the
Buyers’ Utilities Obtained by Adding the Market-Maker
Contract for the Setting with Heterogeneous Risk Aversion
(Same Parameters as in Figure 2)
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understanding the perfect Bayesian equilibrium (PBE) for that setting
(see analyses of related settings in Immorlica et al. 2017 and Devanur
et al. 2019). Although PBE is already an involved notion and in fact,
the analysis of PBEs in the related settings cited is quite intricate, in
our setting one would have to analyze the joint equilibrium between
the Market-Maker and the auction, making it even more challenging.
2 We note that most of our results and insights also hold for the
mean-standard deviation model (i.e., when the variance term is
replaced by the standard deviation).
3 This is a common assumption that is satisfied by several popular
distributions, such as Gamma, Weibull, modified extreme value,
and truncated normal distribution (see, e.g., Lariviere 2006).
4 This is consistent with the fact that, in general, a first-price auction
under risk aversion will lead to a higher revenue relative to a
second-price auction.
5 This is a common assumption that is satisfied by several popular
distributions, such as Gamma, Weibull, modified extreme value,
and truncated normal distribution (see, e.g., Lariviere 2006).
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